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Unsteady flow through an underdrained earth dam 


By ROGER J. M. DE WIEST 


Geological Engineering Department, Princeton University 
(Received 24 August 1959) 


An analytical treatment is given of the problem of the establishment of the flow 
through a dam or levee with a horizontal underdrain, when the head behind it is 
raised and then kept at a constant value. The essential idea employed in the 
analysis is to consider the unsteady flow as a time-dependent perturbation of the 
final steady flow. The unsteady potential d(x, y, t) is expanded in a power series 
of e~*!, of the form 


A(x, y,t) = dow. y) + G(x. y) e-™ + O(e-*4), 


where (x,y) is the known steady-state potential, ¢,(x,y) is a perturbation 
i 


potential and O(e-?') = ¢,(x, y)e-*! + d,(a, y)e- 8" +..... Each of the terms 
@,, (x, y) e-”*“ can be thought of as being a perturbation term of its precursor in the 
series, and the present approach is limited to the computation of the first per- 
turbation term ¢,(2, y)e~™. 

It is shown that ¢, satisfies Laplace’s equation V7¢, = 0 in a dimensionless 
hodograph plane. The free-boundary condition is linear but complicated, con- 
taining the eigenvalue A, which is fixed by a determinantal equation. The ampli- 
tude of the displacement of the free surface is left undetermined; only the mode of 
the motion and the eigenvalue are computed. The results of a numerical example 


are sum marized. 


1. Introduction 

Curle (1956) has obtained a general technique for considering the unsteady 
development of steady two-dimensional jet and cavity flows. The approach used 
was that of expanding the velocity potential ® in ascending powers of e~”“, so that 


D(x, y,t) = D, (x. y) + ®, (x, y) e-*! + O(e-*4). 


The unsteady free boundary was determined by normally displacing the steady- 
state boundary by an amount 4(s,t) = 6,(s)e~“/+ O(e-*”’). In the present paper, 
the author applies the above technique to a problem of free surface flow in a porous 
medium. Although the two flows have some essentially different features (gravity 
is neglected in the jet flow, kinetic energy in the seepage flow), the technique works 
equally well in both cases. The boundary-valne problem arising in the present flow 
is somewhat more complicated because the trigonometric functions appearing in 
the free-boundary condition of the jet flow are replaced by algebraic functions, 
so that no recursion formula is available for the coefficients of the Fourier series 
solution of V2, = 0. Instead, these coefficients result from the solution of 
] Fluid Mech. 8 
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a system of linear, homogeneous equations. The reader is expected either to be 
familiar with the flow through porous media or not to be interested in the subject 
as such, since this paper only emphasizes the extension of Curle’s technique and 
the solution of a special kind of mixed boundary-value problem. 


2. Statement of probiem and outline of method 


The problem considered is that of a homogeneous dam or earth embankment, 
with a horizontal underdrain and behind which the level of a reservoir is gradually 
raised to a depth H (figure 1). It is to be expected that some time will elapse 
before steady flow will be reached after the head H has been kept at a constant 

value. The purpose of this paper is to analyse the flow when it approaches its final 
steady state. 
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Figure 1. Underdrained earth dam. 


[t is assumed that the porous medium is completely saturated, homogeneous 
and isotropic, and that the flow is everywhere laminar. If the fluid is restricted to 
water of constant density and constant viscosity, then all the necessary condi- 
tions (Hubbert 1940) for the existence of a velocity potential ® are satisfied: 


® = Kd = K(y+p/y), (2.1) 
K = ky/p, (2.2) 


/ 


where the symbols are defined as follows: A, hydraulic conductivity, dimensions 
[L/T]; k, permeability, depending upon the medium alone, dimensions [L*]; 
ht, viscosity of water; y, unit weight of water; ¢, hydraulic head; y, elevation 
head; p/y, pressure head. ® has the dimensions [L?/7] and can be combined 
with the stream function ‘’, [L*/7'], to form the complex potential function 
W = +i. K is assumed to be constant, and consequently so are k and the 
porosity ¢ of the medium. Effects of capillarity are neglected and Darcy’s law in 
its simplest form can then be written 


q = —K grad 9, (2:8) 


cD cM 
or t=—, , C=—,.. (2.4) 
Cx cy 








wl 





be 
ect 
nd 





Unsteady flow through an underdrained earth dam 3 


The insertion of q into the continuity equation div q = 0, leads to 

V2d = 0. (2.5) 
Since the compressibility of the medium in unconfined flow can be neglected, 
2.1), (2.3), (2.4) and (2.5) are valid as well for ¢,(x, y) as for d(x, y, t). Steady-state 
values are denoted by the subscript 0, such as qo; Ug; Up; Pos Yo = tan! U9/Ug; do: 
®,; ‘Yo; Wo. The expansion of ¢(z, y,¢) in a power series of e~“‘, of the form 


G(x, yt) = dolxsy) + r(x, y) e+ O29, (2.6) 


implies that ¢,(z,y) is a harmonic function, if ¢9(x,y) represents the known 
steady potential. In (2.3), A represents an eigenvalue to be determined. The 
perturbation potential ¢,(x, y) remains harmonic under a conformal transforma- 
tion. Since the steady hodograph can be reduced to a simple configuration, it is 
quite natural to look for a solution of V*¢, = 0 in such a transformed hodograph 
plane, provided the basic equation of motion of the unsteady free surface is 
transferred to the steady boundary. As in the jet flow, the unsteady boundary 
may be found by normally displacing the steady-state boundary by an amount 


d(x, y, t) = 6,(x, y) e+ O(e-*4). 


3. Formulation of the boundary value problem 
Consider the dimensionless hodograph plane of figure 2. 
; K 
Y= atip=— ‘ (3.1) 
Uo 


where ty = Uy— iv; XY is simply related to Wy by Wy = Qyx. 
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The abscissa d = c(K H/Q,,), where c is a constant depending upon the ratio H/L 
of the dam and Q,, is the seepage per unit width for a head H on the dam. Applica- 
tion of the concept of a bounding surface (Lamb 1932, p.7) leads to the basic 
equation of motion of the unsteady free surface 


€ 0 Ad\2 Od 
rae) +(e) a (3.2) 
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Let J(x, y,t) satisfy (3.2). Then it follows that, at the unsteady free surface. 


“ Zz Ag, e™ = Pin + Poy — Poy t (2Por Piz + 2Poy Pry — Pye + Ole-™). (3.3) 
This condition can be transferred to one at the steady free boundary in the 
hodograph plane. Assume that, corresponding to the displacement 6,(x, y) e~”! of 
the boundary in the physical plane, there is a displacement Af e~ in the hodo- 
graph plane. Under this assumption, (3.3) can be transferred to the steady 
boundary by addition of a term — Afe-. Once at the steady boundary, and only 


then, ¢2,+ 2, —%, = 9, and, ignoring O(e-*’), (3.3) reduces to 
€ ! ! t >A. f f a ‘ 
K AD = 2B or Pret 2Poy Pry — Pry — AP: (3.4) 
i“ 3 ! ap t ok L Qn 
Now. Go? 1s = — A (Pir Por + Piy Poy): (3.5) 


Recall that Wy = 0, +7) = Q,%+Q,,fi, so that along the steady free surface 





C 7 0 _ % c 

es 102, On Can” 

C C G Oo 

= Gon = — Ge aa} (3.6) 
Cn OF» Qn Cp 

a ee 

cy CD, Cy —s_— Qy, Cx 


Gas 2 g? cd VU, OD , s 
== ADs 10 ct Bes 1_ Ap. (3.7) 
K KQy 0a Qy Ca 
NA 
7 cp. — 2 
With Ap = = é,=- fo 6, and g2=—-—Kv%, 
en Qn 
(3.7) reduces to 
¢ ‘ Vv, CO ae i 
AO y : ae Lo rj ae (3.8) 


A second relation between 6, and ¢, can be found to hold at the free surface by 
mathematically expressing that this surface is a material line. The unsteady free 
surface is not a streamline but has a velocity component normal to the boundary. 
This component is due: 

(a) To changes in 6,(2. ¥) e~ because of the exponential decrement with time. 
These changes, at any (x, ¥) are expressed as 


\ 


01(2, y) ¢ ML+AD _ § (ar, y) ¢ Ma —AAté,e-. 


The corresponding displacement of the boundary. of order e~”’, is equal to 


KO guy, 
en 
, K cd, 4 
It follows that =— = Ad). (3.9) 
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(b) To changes in 6, e~““ because s changes as the fluid particles are convected 
along the free surface. They can be expressed as 





1 
[as (s+ 40a) — 5,0) eM 00s Ate v 
od 
so that K = = — re) (3.10) 


It is to be expected that in the case of a slow and gradual rise of the level behind 
the dam, the component given by (3.10) is small compared to the component of 
(3.9). The boundary-value problem will be set up and solved under the assump- 
tion that component (3.10) can be neglected. 

Application of (3.6) to (3.9) leads to 


K qo Co 
= —_— a e 3. ] ] 
EQ Cp °s , 


Elimination of 6, from (3.8) and (3.11) gives 


,_ & Vi € Qn, Pr (3.12) 
ip KR ° Qe ae . 


Note that a= --——,, P=->—S hH=-3— > (3.13) 
ur + v> Uz + v2 a? + f* 


and introduce a = €@,,/K*, dimension [7'], to find at the free surface (f = 1): 


(3.14) 


With the free-boundary condition (3.14), the problem is mathematically for- 
mulated. It is convenient to consider aA as a dimensionless parameter. 


4. The solution 
If there is a solution ¢,, it must satisfy the condition 
vd “1 “1 
f f >» f 

(= Pry) p—1 A +] (—@yx).-09B + | (Pizde-a dP = 9, (4.1) 

“0 /0 0 
expressing that the perturbation flow must satisfy the continuity requirement 
that the mass flux of the perturbation flow entering the fluid-filled region through 
the free surface equals that leaving it through the entrance surface and the drain. 
This perturbation flow vanishes like e~” and is superimposed on the steady flow. 
Separation of variables for V2é, = 0 in the strip of figure 2 leads to a solution of 


the form 
vs NT, . nn 
¢,= > A, cosh— fsin— a. (4.2) 

1 d d 


n 


This solution satisfies the boundary conditions along FD’, D’B’ and FC; A,, is 
left to be determined by the boundary condition along CB’. It follows from (4.1) 
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and some integrations that the dimensionless parameter aA now has to satisfy the 
condition 





—> A, sinh na - (-—1)"A,, sinh” 

(aA)? = i d 4 d 
x 1 xD 1 3 ° 
-> A, : fl-—(- I)"]cosh"" + 3.4, ( : [(n27? — 2)(— 1)" + 2] cosh 
1 nn d %4 nn d 


(4.3) 


Although from (4.3), the existence of a solution cannot be guaranteed, the value 
aX = 0 is excluded by consideration of the properties of eigenvalues. In fact, 
from the nature of the eigenvalue problem and the physics of the flow, we may 
expect an infinite number of eigenvalues to satisfy (4.3). This result would be 
analogous to the infinite number of eigenvalues found by Curle in the unsteady 
jet problem. The smallest of these eigenvalues, A,,;,,. will determine the slowest 
rate of decay. In itself, (4.3) does not determine aA, since the A, are unknown as 
yet and, moreover, will contain aA. It constitutes a check on the computation of 
the A, and this has been verified in a numerical example. 

The boundary condition of (3.14) can be written as 


. 4 a. aT, AT occ nn . nT 
SA, —, sinh— sin—- a = (aA)? (1+?) ¥ A, cosh — sin— « 
1 d d d 1 : d d 
‘sd nN nT nn 
+ (aA) A,,— cosh-—cos— a. (4.4) 
1 d d d 


Multiply each side by sin m7a/d and integrate over the interval (0,d), to obtain 








d mm. .mn mire , . mma. nT nn 
A,,—, sinh = (ad) >; (1 + a?) sin sin da} A,, cosh 
2 d d 1 Ja d d d 
ef fa nN% . mma nT nn » 
+ (adA)> | cos sin da|A,—-cosh—. (4.5) 
1iJo d d d d 
Let 
rd 5. MT. NTE (qd nma . mre ; 
B. .a (1 + x?) sin sin da. Cn, = |} Cos sin da. (4.6) 
o La d d Je d d 
Then, (4.5) ean be written 
d mr mia ace nT ; nT nn 
; ; i er 2 2% > . 20% " 
9 Am d sinh 7 (ad) 222409, 00mm q (aa) BA, 7 &m.n © »sh q: (4.7) 
Introduce a new coefficient 
A . , mn ' 
d,, =~" mm sinh (4.8) 
re 2 d 
and write (4.7) as 
x 
zis ‘x _ ») ( 
a, = > G,h,,,(@A) (m = I, 2,...), (4.9) 
n=1 
=. i nT d 2 , nn 4.10 
where lin n(@A) = (aA) oqomn coth a +(a )aom.n coth 7" (4.10) 
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Unsteady flow through an underdrained earth dam 
The integrations of (4.6) lead to 


d* d® 


= COS 77(M — N) — -, COS 7(m +N m += Nn). 
m, 7% m(m Lat n)? ( ) 7(m n)? ( ) ( ) 


= [cosa(m —n) — 1] — [cosm(m+n)—1] (m+n),> (4.11) 


"2m —n) 2(m+n) a 


ad @ @ 


mm“ 9" 6 ~ 4m2n?’ Cn,m = 0. 





The equations (4.9) represent a system of linear homogeneous equations, infinite 
in number and with an infinite number of unknowns 4, ay, a, .... This system can 


be written explicitly as 


[hy (aA) — Lj a, + hy9(AA) ag +hy,(aA)ag+... = 0, 
hg, (AA) ay + [Agg(@A) — 1] ag + hog(@A) ag+... = 0,| (4.12) 
hg, (4A) ay + hgg(@A) ag + [hgg(@A) — L]agt+... = 0,| 


In order to have a nontrivial solution of this system of equations, its determinant 
should vanish. Thus the concept of the infinite determinant as developed by Hill 
in his Lunar Theory appears in this analysis. Conditions for the convergence of 
such a determinant are given by Whittaker & Watson (1947, pp. 36, 413-17). The 
equations (4.12) are similar to Hill’s equations except for the range of n ina,. In 
Hill’s case, m assumes the values n = ... —2, —1,0,1,2,..., while the parameter 
aX corresponds to Hill’s ~. It was shown by Hill that, for the purposes of his 
astronomical problem, a remarkably good approximation to the value of « could 
be obtained by considering only the three central rows and columns of his 
determinant. In a numerical example aA has been determined within 2% by 
considering only the smallest positive root of the equations D,(aA) = 0, 
D,(aA) = 0, D,(aA) = 0, where the subscripts 4, 6, 8 denote the degree of the 
equations in aA which result from the successive consideration of the determinants 
two by two (rows and columns), three by three, four by four, of the matrix 


hy—1 ly hy Re 
hey Roo—1 hog ho, me 
hs ho heg—1 Aggy <n ae (4.13) 


A very good approximation to the value of aA is even determined by 
D,(ad) = h,,(aA) — 1 = 0. Once the parameter aA is determined, one can compute 
the coefficients h,, ,, from (4.10) and (4.11) and solve the system (4.12) for 
Ay, Ay, M3, .... Next the coefficients A,, of (4.2) are computed by (4.8) and with this 
the problem is solved. In particular, the mode of motion of the unsteady free 
surface can be derived from the equation (3.11), viz. 

l K To 09, 1 09, (4.14) 


= sin Yo ap 


ot 16 Quy OB ~ (Aa) 
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since qg = —Ksinyp. In case the component (3.10) cannot be neglected, as in 
the case of a sudden rise of the water level in the reservoir, then 

No. (4.15) 
or, by the use of (3.6), 


= _ Io 1) 0 06; +Xé,. (4.16) 
Qin OP 


Insert the value of 6, from (3.8) into (4.16) and use (3.13) to tind 


f 

a Y 
ea oe t <¢. Ylaaz lal 
a+ |2aa | or ys (4.17) 


€ 


’ a P 
(Prp)p-1 (aa) 5+ (aA)? (1 +22) 
al l+a* 





The study of the problem with this free-boundary condition can be done exactly 


in the same way as before aithough the computations of h,,, , (aA) become tedious. 


mn 


5. A numerical example 
The mode of motion of the free surface and the exponential law have been 
computed for the family of dams for which d = 3 (De Wiest 1959). These compu- 
tations can be simply repeated for any other numerical value of d corresponding 
to the particular dam that must be investigated. The smallest positive root of 
D,(aA) = 0 and D,(aA) = 0 has been computed algebraically, whereas the 
smallest positive root of D,(aA) = 0 and D,(aA) = 0 has been determined graphic- 
ally on a large-scale plot, a reduced copy of which is given in figure 3. The smallest 
positive roots of the successive determinants are 
Determinant D,(adr) D,(aa) D,(aa) D.(aa) | 


aa 0-479 0-492 0-480 aso fo OP 
From this one may assume that the smallest root of D,,, (aA) = 0 will converge to 
the smallest root of A(aA) = 0, as n - o0. The values of @,, dg, a3, 43, ... computed 
from the system (4.12) will differ if one considers two, three, four, ..., equations 
and the corresponding value of aA which makes their determinant vanish, 
because these values of aA vary slightly. However, it is found that the values of 
the a, decrease very rapidly, so that it is sufficient to consider only the coefficients 
A, and A, in (4.2). 

A sketch of the mode of motion of the free surface is given in figure 4, ford = 3 
and aA = 0-49. It can be verified that the free surface is no longer a parabola as in 
the steady state and that component (3.10) is small compared to component (3.9). 
Also, the value of aA = 0-49 satisfies the continuity condition (4.3). In figure 4. 
c* denotes the undetermined amplitude of the displacement of the free surface. 

It is felt that further theoretical investigations or experiments may lead to the 
relation between the unknown amplitude and the speed at which the water level 
behind the dam rises. 


The present paper is extracted from a doctoral dissertation written in the Civil 
ingineering Department of Stanford University with Dr Byrne Perry as adviser. 


The writer also expresses his appreciation for the generous help given by 
Dr Gordon Latta of the Stanford Mathematics Department. The work was 
sponsored by the National Science Foundation under Grant NSF-G 4126. 
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Forced mixing in boundary layers 


By G. B. SCHUBAUER AND W. G. SPANGENBERG 


National Bureau of Standards, Washington, D.C. 
(Received 16 September 1959) 


The effect of increasing the rate of mixing in turbulent boundary layers in a region 
of adverse pressure gradient has been investigated experimentally. Only the 
two-dimensional case was considered. The boundary layer was formed on a flat 
wall in a special wind tunnel in which a variety of adverse pressure gradients 
could be obtained. Speeds were low enough to justify the neglect of compressi- 
bility. The main objective was to compare the effect of increasing the rate of 
mixing with the effect of reducing the pressure gradient on boundary-layer 
development and separation. A variety of mixing schemes was tried, all of them 
involving fixed devices arranged in a row on the surface in the region of rising 
pressure. While these differed considerably in effectiveness, they had a generally 
similar effect on the flow; and, except for effects arising from changes in dis- 
placement and momentum thickness introduced at the devices, their effect on 
the layer was basically equivalent to that of a decrease in pressure gradient. 
Apart from forced mixing, the shape of the pressure distribution was found to 
have a significant effect on displacement and momentum thickness, these being 
minimized and the wall distance decreased for a given pressure rise by a distri- 
bution with an initially steep and progressively decreasing gradient. 


1. Introduction 


When the relative motion of a fluid near the surface of a body has been 
reduced by friction or other momentum-extracting agent, there arises a problem 
of maintaining flow in regions where the pressure is increasing in the flow direc- 
tion. The well-known phenomena of excessive boundary-layer thickening and 
flow separation are manifestations of the reduced ability or inability of the flow 
to proceed to regions of higher pressure. 

These phenomena have been studied very extensively as part of the general 
boundary-layer problem and are sufficiently well understood to provide some 
rational rules of design by which unwanted effects may be avoided or reduced. 
In essence these are rules for exploiting natural turbulence, and in general they 
amount to giving the body a shape and attitude so that the necessary pressure 
recovery will occur gradually enough to enable natural turbulent mixing to keep 
the flow from stagnating under the action of the opposing pressure. The 
designer can, of course, resort to the expedient of partial removal of the boun- 
dary layer by suction or to energizing it by blowing through slots. 

While the exploitation of natural turbulent mixing is the basis of most design, 
the possibility of increasing the rate of mixing by auxiliary devices has been 
explored in a number of technical applications. The general purpose of this 
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investigation is to find the effect of augmented mixing on boundary-layer 
development and flow separation. The major theme is the comparison between 
pressure gradient and forced mixing as separate controllable parameters. Ulti- 
mately we seek the answer to the following question: What difference is there 
between applying forced mixing to increase the pressure recovery that a boun- 
dary layer will withstand before separation occurs, and the alternative of 
lowering the pressure gradient to permit natural turbulent mixing to delay 
separation until the same pressure recovery is achieved ? 

The idea of using mixing devices to assist flow against an opposing pressure 
gradient and delay or avoid separation is not new. As far as is known to the 
authors, the first device of this kind was the vortex generator, devised in 1946 by 
H. D. Taylor and associates of the Research Department of the United Aircraft 
Corporation. A summary account of this work including references to ten other 
reports is given by Taylor (1950). Subsequently other devices have been tried 
by various workers, and a variety of applications of these and vortex generators 
have been studied, mostly with emphasis on delaying separation and improving 
performances of airfoils and diffusers. The following references include the known 
schemes : Grose (1954); McCullough, Nitzberg & Kelly (1951); Pankhurst (1955); 
Stephens & Collins (1955); Taylor (1948, 1950); Weiberg & McCullough (1952). 
No reference to the various applications is attempted. The report by Grose (1954) 
was discovered when the present investigation was about completed. In it we 
find some parallei between that work and our own, as both deal with the boun- 
dary layer on a flat wall and both explore the effectiveness of various types of 
mixing devices. There seems, however, to have been no study of the problem 
with the specific aim of the present investigation. 

Since this is a boundary-layer study rather than a performance study of some 
particular body, a two-dimensional turbulent boundary layer on a smooth flat 
wall was used. The pressure distribution along the wall is independently con- 
trolled and is made to rise from a nearly constant level over the fore part of the 
wall to higher levels at rates (gradients) sufficient to cause flow separation. This 
produces the pressure-recovery region, which is the only part of a pressure 
distribution with which this investigation is concerned. The medium is air at 
speeds low enough to justify the neglect of compressibility effects, but high 
enough, in conjunction with linear dimensions, to afford Reynolds numbers of 
technical interest. 

Mixing devices presented a special problem. While no moving or running 
devices were considered, it was realized that an almost endless variety of fixed 
devices could be conceived. The best hope was that enough schemes could be 
tried to give a general idea of what could be expected. 

An account of this investigation was originally given in NBS Rep. 6107 to the 
Office of Naval Research. In the present paper new data have been added and 
all results have been re-evaluated in the light of the more complete information. 
While it is fully realized that this study covers only a limited part of a complex 
subject, it is hoped that the information will serve to show how forced mixing 
fits into the pressure-recovery problem and give some idea of its probable 
significance. 
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2. Purpose and nature of mixing 

A boundary layer comprises fluid that has insufficient momentum to flow as 
far up a pressure rise as fluid outside the layer. In the limit at the wall the 
momentum vanishes and with it the ability of the fluid to make any progress 
against a pressure rise. Thus we see that flow to higher pressure would cease, 
first at the wall and then farther out, unless maintained by some mechanism 
that causes the faster moving fluid to render assistance to the slower fluid. 
Since there is friction, moving fluid tends to drag along fluid that would tend to 
stop. However, we know that we must look to something other than internal 


friction between smoothly flowing layers, which is the well-known friction of 


viscous origin in laminar flow, if we are to meet practical requirements. 

Just as we find in many cases that we must resort to stirring when molecular 
diffusion alone is inadequate to do the desired mixing, so here we find that stir- 
ring, which mixes the slower fluid near the wall with faster fluid farther out, 
greatly facilitates the movement of the less energetic fluid. Just such mixing is 
provided by nature in turbulent flow. The effect is often expressed as a turbulent 
shear stress, and by analogy with molecular processes, the agency responsible is 
likened to a viscosity and is called ‘eddy viscosity’. When we consider the fact 
that eddy viscosity in boundary layers is of the order of 100 times greater than 
ordinary viscosity, and in jets and wakes is of the order of 1000 times, we see 
that turbulent flow embodies a relatively powerful self-mixing mechanism. The 
numbers given are only order-of-magnitude ones, as the actual value of the ratio 
is proportional to the Reynolds number. This powerful self-mixing makes it 
possible for turbulent flow to negotiate much steeper and higher pressure rises 
than can laminar flow. However, even with such capabilities the upper limit is 
often inconveniently low, and we have reason to expect that we can benefit by 
& mixing more vigorous than that presented to us naturally, if this is to be had 
without at the same time introducing other factors that may nullify the possible 
gain. The benefits consist of delaying or preventing stagnation and the resulting 
flow separation from a wall and in generally broadening our capabilities for 
achieving pressure recovery. 

We may examine the effect of mixing on the mean flow field without becoming 
involved with the detailed flow processes by examining the effect on the integral 
parameters d* and # and the shape parameter H, where 


“3 I 
d* = displacement thickness = | I ae dy. 
0 1 


: rs U\ U 
= momentum thickness = | | ] —— — ly. 
20 u 1 l 1 ; 


H = 6*/60. 


Here y is distance from the wall; U is the velocity at any point in the boundary 
layer; U, is the free-stream velocity outside the layer; and 4d is the ordinary 
boundary-layer thickness, taken as the value of y where L’ is not measurably 
different from U. 
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A useful relationship in this connexion is the von Karman momentum integral 
equation, written as follows for two-dimensional flow 


dO Odp(1d* 7 , 
(5% (1) 


2q : 


dx qdx 


where x is distance along the wall; p is the static pressure, assumed constant 
across the boundary layer; q¢ is the free-stream dynamic pressure; and 1,, is the 
shear stress at the wall. As is customary, the term expressing the Reynolds 
normal stress in turbulent flow has been omitted. The two-dimensional form is 
used because we are concerned only with a two-dimensional boundary layer in 
this investigation. While stationary three-dimensional flow patterns will be 
encountered when forced mixing is applied, it will be assumed that equation (1) 
is applicable when an average is taken over enough spanwise-distributed pat- 
terns to yield representative average values of d* and 0. 

Our purpose now is to see in terms of 6* and @ how the boundary layer is 
affected by mixing. Equation (1) is an expression for the growth of @ with 2 in 
terms of the forces exerted on the flow. These forces arise from the pressure 
gradient and wall friction and are expressed in dimensionless form by the first 
and second terms, respectively, on the right-hand side of the equation. The 
retardation of the flow by the forces causes 6* to increase also. However, the 
value of 6* depends on the amount of fluid through which the retardation is 
distributed, as is perhaps best illustrated by the well-known change in H which 
occurs with transition from laminar to turbulent flow. With the introduction of 
turbulence an increase in mixing takes place in a distance so short that remains 
virtually unchanged. For the case of zero pressure gradient, H goes from about 
2-6 in the laminar layer to 1-3 in the turbulent layer. This means that 6* is 
decreased to half of its original value by the mixing action of turbulence. 

It is seen therefore that the more the momentum loss is dispersed throughout 
the fluid, the less is the flow displacement caused by the retarding forces. 
Mixing therefore affects 6* directly. As shown by equation (1), mixing can 
affect the growth of @ through its explicit effect on the value of 6*. The effect is 
to decrease d@/dzx unless this is offset by an increase in 7,,. Since d* occurs in the 
ratio d*/9, it is customary to discuss its effect in terms of the shape parameter, H. 
The determination of H is in fact the major task of the several methods that 
have been proposed for calculating turbulent boundary-layer development. 

The quantity 7,,, is itself reduced by an adverse pressure gradient, and if the 
gradient is high enough, the 7,,-term of equation (1) may become negligible 
compared with the dp/da-term. The special case where 7, = 0 and H = const. is 
of some interest. and for this case the equation can be integrated directly to give 


O (2) Df H = const. | 
7 (7 


q = 0, | 
where @, and q; are initial values. The skin friction 7,, will not be zero unless the 
flow is always in a state of incipient separation, and equation (2) becomes 
a justifiable approximation only when the 7,,-term is small compared with the 
dp/dx-term in equation (1). The other condition, H = const., will not in general 
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be met, but this will not affect the physical insight afforded by equation (2). 
Since the skin friction does not enter into the equation, it expresses the growth 
of 7 resulting purely from carrying boundary-layer fluid from a dynamic pressure 
of q; to q. This is the only aspect of the growth that mixing can affect favourably, 
and the effect comes about from a reduction of H. It is known that H is also 
reduced by reducing the pressure gradient; hence we expect reduced pressure 
gradient and increased rate of mixing to have similar effects. The similarity may 
be explained on the grounds that forced mixing and reduced pressure gradient are 
merely means of assisting mixing to expedite the flow—the one by increasing the 
rate and the other by increasing the time available. Accordingly, if H is to be held 
at some fixed value, an increased rate of mixing will make possible a larger pressure 
gradient. Again, if H is increasing with x, an increase in the rate of mixing will 
decrease dH /dx, or hold dH /dx the same for some larger value of pressure gradient. 
Since the separation condition is associated with a particular value of H (H ~ 2), 
an increase in the rate of mixing can be expected to make the pressure recovery 
higher before separation occurs, particularly where the pressure gradient is 
large. Only qualitative estimates of this kind are possible because any reduction 
of H below its separation value normally brings skin friction into the picture. 

We must assume that stirring by any means will increase skin friction by 
virtue of bringing higher velocities nearer the wall. In this connexion an 
interesting observation may be made. When mixing takes place by eddy 
motions comprising bulk movements of fluid, as it does in turbulent mixing, the 
mixing weakens as the wall is approached and finally disappears leaving only 
molecular viscosity in a laminar sublayer at the wall. Thus, while the skin 
friction has been increased, this has come about because of a velocity increase 
near the wall rather than by a uniform, across-the-layer increase in eddy vis- 
cosity. This carries with it a compensating feature, namely, a shaping of the 
velocity profile toward lower values of H. For this reason values of H in 
turbulent flow are lower than those in laminar flow. For example, the values of 
H computed by Clauser (1954) for equilibrium laminar profiles range from 
2-592 for constant-pressure flow to 4-031 for a pressure gradient sufficient to 
maintain a state of incipient separation. For comparison the corresponding 
values of H for turbulent flow range from about 1-3 to 2. Thus, with turbulence 
setting the pattern, a good case can be made for mixing, and we are afforded 
ample justification for attempting to increase it. Care should Le exercised that 
the advantage is not lost through the scheme of mixing adopted. We know, for 
example, that the advantage would be lost by increasing the rate of mixing by 
roughening the wall. 

When we begin to consider how to go about mixing, we are at once struck by 
the fact that nature’s scheme of turbulent mixing approaches the ideal one. It 
is simply a self-induced mixing arising out of the velocity differences already 
existing. The forces are applied by one portion of the fluid on another, and no 
momentum loss is charged against the mixing process. If we are to match this 
ideal, we should not consume momentum of mean flow to do the mixing, but 
should rearrange the velocity field so as to produce steeper gradients within 


which turbulent mixing motions are generated and across which they transfer 
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momentum. A pure rearrangement implies guiding the fluid to new positions, 
leaving no residual motions to require an induced drag from the mixing devices. 
No fluid-handling device can, however, escape the drag that arises from fric- 
tional effects; hence if residual motions contribute enough to the mixing, sup- 
pression of them would not be warranted. The well-known vortex generator is 
an example wherein the derived mixing depends on induced, streamwise vor- 
tices. In fact such vortices may be regarded as a rearranging mechanism in- 
stalled in the flow and persisting for a considerable distance downstream. The 
study of mixing devices is taken up in § 5. 


3. Experimental arrangement 

A wind tunnel built specifically for this investigation is shown in figure 1. The 
boundary-layer studies were conducted on the bottom wall of the test section. 
This wall was a smooth flat surface 6 ft. wide made of birch plywood. The top 
wall consisted partly of slatted sections for the purpose of producing a static 
pressure increase by progressively reducing the volume flow in the duct. By 
adjusting the slats the boundary layer on the bottom wall could be subjected to 
various adverse pressure gradients. This type of control was made possible by 
supplying air from the room to the system under positive pressures by the 
arrangement shown. The screened diffuser on the outlet of a centrifugal fan and 
the settling chamber containing a honeycomb and additional screens made the 
flow entering the test section sufficiently uniform and free from turbulence for 
the job at hand. 

The test section was originally 13} in. deep and 16 ft. long, but during the 
course of the investigation it became necessary to extend the length to 24 ft. 
with the slope of the top adjustable to a final depth of 27 in. The boundary layer 
was tripped about 1 ft. from the entrance to produce a definite beginning of the 
turbulent layer. The region of pressure rise was begun after an initial 4 ft. run of 
constant pressure. All reference quantities pertain to conditions at the 4 ft. 
position, and this position is taken as the origin of x. Here the boundary layer 
was about 1 in. thick. The free-stream velocity at the 4 ft. position was main- 
tained at 82 ft./sec, except when altered to investigate scale effects. The corre- 
sponding Reynolds number, based on the 4 ft. distance from the approximate 
beginning of the layer, was 1-9 x 10°. 

Separate total-head and static-pressure tubes, made from 0-04 in. outside 
diameter nickel tubing. were used for the measurement of velocities and pres- 
sures throughout the boundary layer. Gear for traversing in all directions was 
provided. By flattening the end of the total head tube to an opening of 0-005 in. 
it was possible to make reliable measurements sufficiently near the wall. 
Pressures at the wall were measured by means of ;'; in. orifices in the wall itself. 
To check the spanwise uniformity these were placed in three rows running the 
full length of the wall, one on the centreline and the other two 15 in. to each side. 

A dust method, developed earlier in the laboratory, was used to indicate flow 
separation. This consisted simply of injecting tale dust into the region down- 
stream of separation and permitting the currents in the wake to carry the dust 
upstream to the line of separation. A film obtained by wiping the surface with 





16 G. B. Schubauer and W. G. Spangenberg 


an oily cloth was sufficient to hold the dust and produce a clearly defined 
boundary. A typical example showing the region of separation downstream 
from a row of mixing devices is shown in figure 2. The white line further up- 
stream shows where the line of separation was with devices absent. Since the 
lines of separation were never straight, an average was taken over the central 
45 in. in order to define a mean position. Since the position fluctuates up and 
downstream, the dust method gives an upstream extreme. Additional examples 
of the application of this method are given by Smith & Murphy (1955). 

An important additional piece of equipment was an especially designed 
balance installed beneath the test wall for measuring the drag of individual 
mixing devices when in position in the boundary layer. The mixing device was 
connected to the balance by a spindle running through a hole in the wall. The 
balance was sealed to prevent leakage through the hole. 


4. Pressure gradients and effect on boundary layer 

In order to establish a basis for later investigating the effect of forced mixing, 
the boundary layer was studied with various adverse pressure distributions 
which were sufficient in each case to cause eventual separation of the layer. 
A considerable amount of effort went into attaining a two-dimensional flow. The 
test for two-dimensionality was the agreement between boundary-layer profiles 
measured on the centre line and those measured 15 in. to each side. The usual 
tests were applied to the profiles themselves, namely, agreement with the law of 
the wall, best agreement being found using the coefficients given by Coles 
(1956), and agreement with the family of H-parameter profiles given by von 
Doenhoff & Tetervin (1943). For the lower pressure gradients there were de- 
partures from the von Doenhofft-Tetervin set like those found by Clauser (1954) 
for his equilibrium profiles. Since the form of the profile indicated agreement 
with the law of the wall, the method suggested by Clauser for obtaining the 
local skin-friction coefficient from the velocity profile was used. 

There was a measureable pressure gradient across the boundary layer, but 
this was considered to be sufficiently small to permit our taking the pressure at 
the wall as the pressure applicable to the entire cross-section of the layer. In 
the determination of velocities, however, the local static pressure was always 
used. 

The several pressure distributions, labelled A to /, are shown in figure 3. In 
all cases the pressure has been held constant up to the 4 ft. position, where the 
origin of x is taken, and then made to rise as shown in the figure. The amount of 
rise is termed the pressure recovery, and this is expressed in terms of a pressure- 
recovery coefficient (p — pp»)/qo, Where py and p are pressures at the wall and q, is 
the free-stream dynamic pressure at the position x = 0. Distribution A was set 
up first in order to provide a condition of early separation and low-pressure 
recovery to which forced mixing could be applied with some expectation of 
improvement. Examples of the effect of mixing devices are shown in figure 7. 
Distribution B and C were next established in order to match as closely as 


possible the range of pressure recoveries obtained with mixing devices applied to 
condition A. On the assumption that skin friction would play a minor role in 
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FiGURE 2. Photographs of dust pattern on surface showing separation region (white). The 
line marks the boundary found in a previous test with mixing devices absent (the dust is 
now removed). Numbers are distances in inches from the beginning of the pressure rise. 


The scoop type of mixing device is shown (see figure 6). 
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boundary-layer development, the idea behind B and C was simply that of 
promoting flow to higher pressures by reducing the gradient. After the main 
part of the investigation had been completed, it was suspected that skin friction 
might be more important than originally supposed, and the investigation was 
extended to include distributions D, E and F. Forced mixing was applied only 
in the case of distribution A. 

This somewhat elaborate study of naturally turbulent boundary layers was 
occasioned by the desire to compare the effect of forced mixing to that of the 
pressure field alone. When the first comparisons were made using only B and C, 
it was assumed that the shape of the pressure distribution could be ignored and 
that the rate of pressure rise was the really important quantity. However, the 


08-—- 








10 12 
x ft. 


FiaurE 3. Pressure distributions. The origin of 2 is taken 4 ft. from the leading edge. 
The pressure is uniform for —-4< x< 0. ©, Separation point. 


extended study showed a considerable dependence on shape and indicated the 
necessity for specifying the shape before a firm basis of comparison would be 
possible. This is apparent in part from the curves of figure 3. Distributions C 
and D, for example, achieve closely the same pressure recovery, yet C requires 
an additional 6-3 ft. run of wall. 

A more important aspect of the dependence on shape is examined in figure 4. 
This type of plotting, in which 6*, 0, and H are plotted against q,/q, has been 
found useful for comparing boundary-layer development under different condi- 
tions. It amounts to expressing the thickness parameters as functions of pres- 
sure rise, now expressed in terms of q,/q in order to obtain a more open scale 
than that afforded by (p—pp)/q). The connexion is q/¢y = 1—(p—po)/qo. The 
diagram is most useful in comparing cases where pressure recoveries up to 
separation are closely the same. Taking C and PD as fitting examples, we see that 
the boundary layer remains thinner for condition D than for C. The curve for 
condition E has been added to show that the trend is toward greater values of 
6* and 6 as th; mean pressure gradient is reduced. The opposite trend is 
exhibited by the H-curves, and th. effect of this, as shown by equation (2), is to 
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oppose the observed trend of @. In other words, since lowering the pressure 
gradient reduces H, it should likewise reduce @ and also 4*. Failure to do so is 
evidence of an effect of skin friction. 
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FicurRE 4. The effect of pressure distribution on the relation between 6*, 6, H. The 
pressure rise is expressed as q,/q, where q/q) = 1—(p—po)/q. Pressure distribution: C, O; 
D, 0; E, @. # Separation point. 


The values of the local skin-friction coefticient, 7,,./¢, for the naturally turbu- 
lent layer were found to decrease monotonically from around 0-0032 at 2 = 0 to 
around 0-0003 at the indicated separation point. Failure to reach zero is attri- 
buted to the fact that the dust method indicates the upstream extreme of 
a fluctuating separation point. The question of immediate interest is the relative 
effect of pressure gradient and skin friction on the growth of @. In this connexion 
figure 5 has been prepared showing the ratio of the pressure-gradient term to the 
skin-friction term appearing in equation (1). We see that ultimately the effect 
of skin friction becomes small by comparison, but when the pressure gradient is 
low there is a considerable range of x over which it is not negligible. The advan- 
tage of distribution D over B, C, E and F arises from the fact that the initially 
steep pressure gradient of D reduces the skin friction early in the course of the 
pressure climb and at the same time reduces the length of wall over which the 
flow proceeds in attaining a given pressure recovery. These effects outweigh the 
adverse effect arising from the early increase in H shown in figure 4. Comparing 
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D with A, we find that whereas separation occurs early in A it has been delayed 
in D by the progressively decreased gradient. 

It appears from this that the best form of pressure rise is one that has an 
initially steep and steadily decreasing gradient. It has been proposed by 
Stratford (1959) that the optimum pressure curve should be one with gradients 
such that the flow is on the verge of separation and the skin friction is zero 
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FiaurE 5. Ratio of pressure-gradient term to skin-friction term (lst term to 2nd term on 
right-hand side of equation (1)) as a function of x for the pressure distributions of figure 3. 


throughout. Stratford found the flow to be stable under this condition for his 
experimental arrangement. In the present investigation, however, it was 
observed that distribution D was about the limiting high-gradient condition for 
a stable flow 


5. Mixing devices and effect on separation 


While the goal in mixing was reasonably clear, the question of how to accom- 
plish it in a practical manner was quite another matter. The idea, mentioned 
earlier, of promoting self mixing by simply rearranging the flow was adhered to, 
but it was found after considerable effort that forms designed to minimize 
induced drag by cancelling off residual vortex motions generally has as much or 
more drag than those that produced strong vortex trails. Furthermore, they 
were always less effective, showing that a vortex with its axis along the stream 
comprised a sustained rearranging mechanism. It was also learned that mixing 
on a coarse scale by relatively large, widely spaced devices was far more effective 
than fine scale mixing; and under these conditions, multiple rows were less 
effective than a single row of devices properly spaced and properly stationed. 
Attention was therefore centred on the single-row arrangement as illustrated in 
figure 2. The devices so studied are shown in figure 6. All except device (B) were 
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produced in sufficient number to span the 6 ft. width of wall and tested for their | in it 
effect on separation and pressure recovery with the channel arranged for pres- | devi 
sure distribution A. The spacing and position for maximum delay of separation Be 
and maximum pressure recovery were found by trial and error. A height of the ] intet 
order of the boundary-layer thickness was adopted, but this was not varied in | inter 
the process of finding the optimum position. The drag of the device was measured | into 
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in its position in a row or with an identical device to each side. No rotating 
devices or moving agitators were considered. 

Before taking up the results, the reasoning behind the devices and their 
intended action will be discussed. Device (A), called the simple plow, was 
intended for parting the boundary layer and guiding outer flow toward the wall 
into the furrow so produced. The motion thus started continued downstream in 
the form of a pair of trailing vortices. The shielded plow (B) is device (A-2) 
modified by the addition of enough side shielding to effectively eliminate the 
vortices. Since the elaborate additions merely increased the drag of the device, 





D 

Device L a, 2, Ps—Po SPs gq, Ad, AY% 

No. Name fin.) (%.) @t.) &% do (ft.?) (ft.) a, 
None —— — 483 0-50 0 0 0 0 

A-1 Simple plow 6 0:52 633 0-61 O-11 0-0010 06-0010 0-112 
A-2 Simple plow 45 2-60 7:00 0:71 0-21 0-0015 0-0020 0-126 
A-3 Simple plow 8 2:60 7-25 0-71 0-21 0:0045 0-0034 0-214 
A-4 Simple plow 8 3°85 683 0-71 0-21 00-0100 0-0075 0-274 
B Shielded plow — 0-52 — — —  0-0025 — — 
C Scoop 6 1:48 667 065 0:15 0:0023 0-0023 0-200 
D Twist interchanger 3 1:94 5:75 0-58 0-08 0:0016 0-0032 0-242 
E-1 Triangular plow 6 1:02 642 0-66 0-16 0-0015 0-0015 0-147 
E-2 Triangular plow 6 2:87 6:75 0-67 0-17 0:0050 0:0050 0-289 
E-3 ‘Triangular plow 6 4:08 7:92 0:75 0-25 0-0240 0-0240 0-780 
F Ramp 6+ 2:87 5°75 0:59 0:09 0:0037 0-0037 0-214 
G-1 Tapered fin 2 0-17 642 0-52 0-02 — — 
G-2 Tapered fin 4 0-52 6-00 0-62 0-12 0-0033 00-0050 0-562 
H Dome 6 0:50 5-92 0-60 0-10 0-0032 0-0032 0-364 
J Vortex generator 6-75 3-80 7:17 0-69 0-19 0-0097 0-0086 0-323 
K Shielded sink 6% 2:67 6:75 0-67 0-17 — —0-0030—0-176 


L and x, are optimum spacing and position, respectively. 
x, is the mean position of separation over the central 45 in. of span. 
Ap, _ Ps—Po 
Yo Yo 
+ The optimum value of L was 3 in. giving x, = 6-08 ft. The value 6 in. was used because 
of interest in comparing devices (F) and (E-2). 
{ Optimum L and z, not determined. 


— 0-50. 


TABLE 1. Summary of mixer characteristics 


this arrangement was abandoned in favour of (C), called the scoop, which incor- 
porated some shielding and was easier to construct. The twist interchanger (D) 
and the tapered fin (G) represent other ideas for overturning the flow without 
intentionally involving residual vortex motions. On the basis of the evidence in 
table 1 it was concluded that drag reduction by elimination of trailing vortices 
was not practically possible, and since this amounted to stopping the action 
started at the device, its effectiveness was reduced without compensating 
benefits. The triangular plow (E) is a less refined version of (A) having much the 
same action, and the ramp (F) is simply (E) used in reverse. A device nearly like 
the triangular plow, called a ‘wedge-type vortex generator’, was included 
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among the devices studied by Grose (1954). The ramp, also called a ‘wedge’ in 
the literature, has seen use as a boundary-layer control device. The dome (H) 
was intended as an object that would add little wetted area and at the same 
time generate vortices by virtue of its being in the non-uniform velocity field of 
the boundary layer. Device (J) is a conventional vortex generator of the flat- 
plate type with a trapezoidal shape approximating the taper recommended by 
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FiGURE 7. Pressure distributions showing typical effect of mixing devices. Distributions 
A, C, D, E are the same as those given in figure 3. 4, Separation point. 


Taylor (1948). It was arranged in pairs set for producing counter-rotating 
vortices. The shielded sink (K) falls in a separate category and will be discussed 
following the discussion of table 1 and figure 7. 

The results are summarized in table 1, and selected examples showing the 
effect in terms of pressure distribution are shown in figure 7. Curve A represents 
the condition before mixing devices were applied. The devices extend the curve 
upward and somewhat modify its earlier course, with the result that there is now 
a new pressure distribution for each type of device. Curves C, D and E show the 
pressure distributions designed to produce the same pressure recovery as that 
obtained by means of the mixing device. 

The relative performance of the various devices may be judged from table 1. 
Starting from a separation point at 4-83 ft. and a pressure-recovery coefficient at 
separation of 0-5 for no mixing devices, the effect of several devices may be 


judged by running down columns headed 2,, (p,—p )/q). and Ap,/q). where 
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Ap,/qo 18 the increase in the coefficient due to the device. From the drag of the 
individual members of a set of devices the increment in momentum thickness 
effectively occurring at the trailing edge of a row of devices was calculated 
according to the formula D 
AO, = = ss 
2Lq, 

where D is the drag of one member, L is the cross-stream spacing between devices, 
and q, is the free-stream dynamic pressure at the trailing edge of the device. The 
fractional increase has been expressed by Ad@,/@,, where @, is the moméntum 
thickness at the same position in the absence of mixing devices. The quantity 
Ap,/%o may be regarded as a measure of accomplishment, while A@,/@, may be 
regarded as the price paid for the accomplishment. The price has a special 
significance which will be considered in § 6. 

The shielded sink (K) represents a departure from the usual scheme in that 
suction is employed. It was envisioned that if air was withdrawn through a hole 
in the wall the air above that entering the hole would be deflected toward the 
wall producing an effect not unlike that of a plow, where now the boundary- 
layer flow passes into the hole instead of being pushed aside. The primary aim 
was to obtain mixing with a decrement in momentum thickness rather than the 
increment which characterized external devices. Two-inch round holes spaced 
6 in. apart were tried, but it turned out that the mixing action was feeble due to 
the fact that air was drawn off near the wall for a considerable area around the 
hole without producing steep cross-stream gradients. The shielded arrangement 
shown in figure 6 was then tried in the location around the optimum for the 
other devices. Conditions may therefore not have been optimum for this 
arrangement. The shields were made one-half hole width high to simulate doors 
which in practice might be closed to return to a plane wall. The suction quantity 
was fixed at 5-6 % of the boundary-layer flow, producing the decrement, — AG, 
shown in table 1. It is seen that the effect on separation point and pressure 
recovery places the shielded sink with the more effective devices. In order to 
determine how much of the effect was due to boundary-layer removal alone, the 
same suction quantity was withdrawn through a continuous slot in the same 


position. The results compare as follows: 


2, Ps— Po Ap, AO, 

(ft.) VQ 0 a, 
Shielded sink 6°75 0-67 0-17 — 0-176 
Continuous slot 5°17 0-57 0:07 — 0-183 
None (table 1) 4-83 0:50 0 0 


While the continuous slot produced the greater reduction in momentum thick- 
ness, its effect on the separation point and pressure recovery was small. This 
shows that the principal effect of the shielded sink was derived from mixing. In 
this case, furthermore, the mixing involves a negative A@,, the decrement of 
flow of momentum represented by — AG, being contained in the extracted air. 
Any additional momentum loss resulting from the use of the device will be added 
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to this, but since it is now internal, it will not result in as great an overall loss as 
will an equal amount deposited in the boundary layer at the mixer station. The 
reason for this and the benefits of a — Ad, will become apparent in § 6. 


6. Effect of mixing on boundary-layer development 

Detailed velocity surveys were made throughout the boundary layer with 
selected sets of mixing devices installed in the positions designated in table 1. 
Those chosen for this purpose were A-3, C, E-2, F, J and K. The purpose was 
to find out what was happening to the flow behind such devices and in particular 
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FicurE 8. Mean-velocity profiles aft of simple plow (A-3) for conditions as given in table 1. 
Here 6 is the boundary-layer thickness at the same station (x) with mixing devices absent. 
2/L: A, 0-00; O, 0-25; O, 0-50; ——-, without devices. 


to ascertain the average state of the flow in terms of an average 6* and an average 
0, the average being taken across the span. The ultimate purpose was to compare 
the course of development of such average values of d*, 7, and their ratio H with 
the same quantities in the naturally developing boundary layer. The procedure 
was to traverse in the y-direction, measuring total head and static pressure, at 
various cross-stream positions. This was then repeated at various distances 
downstream, and in this way the flow field was completely mapped out. 
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There were two sources of error not ordinarily encountered in boundary-layer 
measurements. One arose from strong vortex motions near the trailing edge of 
a device, and the other arose from erratic cross-stream movements of the flow 
pattern. It was the uncertainties introduced by the former that prompted the use 
of drag measurements for finding the A0,’s of table 1. However, values derived 
from velocity traverses agreed reasonably well with those derived from drag 
measurements. The second source of error caused uncertainties by introducing 
a considerable scatter in the data, particularly when the velocity gradients in 
the z-direction were steep. In general the accuracy approached that ordinarily 
obtained in boundary-layer measurements with pitot-static tubes uncorrected 
for the effect of turbulence. 

An example of a set of velocity profiles is given in figure 8 at various cross- 
stream positions and various distances behind the simple plow (A-3). Here é is 
the boundary-layer thickness for the same station in the absence of mixing 
devices, the profiles for this condition being shown by the dashed curves in two 
cases. This example is typical, with variations in degree, of the velocity patterns 
of the other devices, with the exception of the ramp (F) which showed a generally 
similar pattern, but with the higher flow rate displaced to the region between 
devices. This gave rise to alternate rows of high and low rates of flow in the 
boundary layer which decreased with distance but generally persisted to the 
separation point. The effectiveness of a device could be correlated with the 
intensity of the differences and to their persistence. From profiles like those of 
figure 8, local values of d* and 0 were derived, and the average of these was then 
taken to obtain parameters pertaining to an equivalent two-dimensional 
boundary layer. 

From the results obtained with the six devices certain common behaviour 
patterns emerged, and we shall here concern ourselves with the generalities 
derived from them. In all cases the operating conditions were as specified in 
table 1. 

The typical change in boundary-layer development brought about by adding 
mixing devices is shown in figure 9. Not all devices were as effective as the 
simple plow (A-3), used here as the sample, but performances were generally 
similar. The drag of the device results in a step-up in 6* and 6, placing the curves 
above the dashed curves pertaining to the boundary layer in its original condi- 
tion. Subsequent increases are slower, and the solid curves approach or go below 
the dashed curves and then continue with the characteristic steepening rise to 
the delayed separation point. In the case of the shielded sink (K), where Ad, 
was negative, the step in d* and 4 was down, and the curves lay below the dashed 
curves throughout. The values of H were reduced in the typical fashion shown, 
but again reached about the same value at separation as that found for the 
natural layer. On the average this value was 2, although it ranged from 1-75 to 
2-3. These somewhat lower values than those usually quoted in the literature are 
attributed to the fact that they apply to the upstream extreme of a fluctuating 
separation point. 

We next take up the comparisons toward which this investigation has been 
aimed, namely, comparisons between the boundary-layer development when 
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forced mixing was used to attain a given pressure recovery and when the 
recovery was alternately attained by adjusting the pressure distribution alone. 
Examples of the performance of three of the devices, illustrated by figures 10 
and 11, will suffice to show what can be concluded from such comparisons. 
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FicurE 9. Effect of forced mixing on separation and averaged thickness and shape 
parameters. Here 0* and @ are mean values derived by averaging local values over 
a sufficient span to be equivalent to a two-dimensional case. —, Simple plow (A-3): 

, without devices. A, 6*; O, 8; 0, H =6d*/8. 

In figure 10, again illustrating the performance of the simple plow (A-3), the 
values of 6*, 7, and H for forced mixing are compared with those for pressure 
distributions C and D. We observe here a step-up Ad and AG@,, due to the drag 
of the device, which lifts the curves for 6* and 0, aft of the ‘device position’, 
above the corresponding curves for C and D. Actually none of the curves are 
quite coincident ahead of this position due to the fact that the boundary layers 
have different pressure and skin-friction histories. The difference is, however, so 
small that the curves for the simple plow and distribution C may be regarded as 
coincident up to the occurrence of the step. The principal feature to be pointed 
out here is that the @-curve for forced mixing lies above that for C by an almost 
constant percentage equal approximately to that given by A@,/@, in table 1. 
When only data for distributions B and C were available for comparison, this 
feature was observed to exist more or less in all cases. It was observed also that 
the H-curves generally lay close together. These tendencies were originally taken 
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to mean that skin friction was playing a negligible role and that A@, at the 
devices was affecting the subsequent development of the layer as would be 
expected from equation (2), namely, by a constant percentage as indicated 
above. There were, however, obvious discrepancies, and this led to the study of 
the boundary layer with the additional pressure distributions D, E and F. With 
the curves for D added to figure 10 it became clear at once that the foregoing 
percentage rule could not be universally applied. 
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FicuRE 10. Comparison of the effect of forced mixing (conditions as given in table 1) with 
the effect of pressure distribution alone. 6*, 6, H are means taken across the span. 
+, Separation point; O, simple plow (A-3); - - - -, pressure distribution C; —-—, pressure 


distribution D. 


It thus became evident that skin friction must still be important and that the 
end result achieved with a pressure gradient would depend significantly on the 
shape of the pressure distribution. This raised the very troublesome question 
about how now to draw a meaningful comparison. It was concluded that 
a logical scheme would be to compare cases where pressure distributions were 
similar. Accordingly, distributions Z and F were produced in an attempt to 
duplicate with a small gradient the nearly linear type of pressure increase 
existing when forced mixing was applied. Distribution F of figure 3 represents 
the maximum recovery obtainable with a straight-line gradient in the length 
available, but this was still not sufficient to match the recovery obtained with 
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device (A-3). Distribution # was planned to match the recovery obtained with 
the triangular plow (E-2) and the shielded sink (K), making possible the com- 
parisons shown in figure 11. Here again we see no significant differences until 
the occurrence of the steps Ad* and A@,. Inspection of the 6-curves reveals that 
the approximate percentage rule has now reappeared. In table 1 A@,/6, for 
(E-2) is given as 28-9°%; at separation the increase above the dashed curve is 
27-2°%. Again in table 1 Ad@,/6, for (K) is —17-6%, while at separation the 
reduction is —19-4°%. The rule was previously indicated for d* also, but the 
evidence for it is lacking in figure 11. 
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FicurE 11. Comparison of the effect of forced mixing (conditions as given in table 1) with 
the effect of reduced pressure gradient. 6*, 0, H are means taken across the span. >, Separa- 
tion point; 9, triangular plow (E-2); O, shielded sink (K); —-—~-, pressure distribution E. 


The original purpose of the sink was to provide one case with a negative AG, 
with which to test the percentage rule. The above numbers indicate close agree- 
ment, closer in fact than we would have reason to expect. A firm basis for such 
a rule exists only when H is always the same function of q,/q and the skin-friction 
term in equation (1) is negligible. The approximate conformity to the rule, which 
has run generally through the cases studied, indicates that the conditions are 
partially satisfied or that the effect of violations are mitigated by the occurrence 


of the same deviations in both systems. Evidently the friction avoided by the 


reduction in wall length with forced mixing is replaced by the greater intensity 
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of mixing. While skin friction could not be determined from the distorted 
velocity profiles existing downstream from mixing devices and therefore is not 
known, we would expect intuitively that it would be increased considerably 
where high velocities occur near the wall as illustrated in figure 8. Apparently, 
however, forced mixing does not overemphasize the skin friction on the average, 
for if it did, the results for the shielded sink with negative A@, would not 
conform to the rule. The rule can obviously be circumvented by emphasizing 
the reduction in skin friction in one case and not in another, as, for example, in 
comparing the performance of the simple plow and pressure distribution D in 
figure 10. 

Mixing devices differ considerably in their effectiveness, as shown by table 1, 
but they all affect the mechanics of flow to higher pressures in about the same 
way. Furthermore, on a pressure-recovery basis the increased rate of mixing 
which they bring about is basically equivalent in its effect to decreased pressure 
gradient, as anticipated in § 2. Devices differ from one another in the magnitude 
and sign of Ad and Ad@,, and by these quantities they differ in their effect from 
a decreased pressure gradient. Where the percentage rule can be applied to @, the 
difference appears to be solely due to these quantities and presumably would 
disappear if Ad* and AQ, disappeared. When AQ, is positive, a penalty is imposed 
on forced mixing, not so much because of the force on the devices themselves, 
but because the resulting percentage momentum loss is magnified by being 
deposited in a developing boundary layer. When A@, is negative there is a divi- 
dend of like kind from the same source. A negative A@, must involve the removal 
of fluid having a momentum deficiency and involve some additional losses from 
fluid handling; hence not all of the dividend is clear profit. 

The obvious advantage of forced mixing is the saving of wall length made 
possible by it for a given pressure recovery. For example, with distribution E we 
require a length of adverse pressure region equal to 16-6 ft. for a pressure- 
recovery coefficient of 0-67. Using either the triangular plow (E-2) or the shielded 
sink (K), we obtain the same coefficient in a length of only 6-8 ft.—a saving of 
9-8 ft. If we make a similar comparison between distribution C and the simple 
plow (A-3), where now the pressure-recovery coefficient is 0-71, we find that the 
length is reduced from 16-1 to 7-3 ft.—a saving of 8-8 ft. 

If we now lay aside forced mixing and concentrate on manipulating the 
pressure distribution into its optimum form (aform approached by distribution D) 
we may again obtain high pressure recovery in a relatively short distance. 
Comparing the length for D with that for C, we find a reduction from 16-1 to 
9-8 ft.—a saving of 6-3 ft. By making the pressure gradient initially high and 
then progressively relaxing it just enough to avoid separation we apparently 
make the useful work load a maximun at all points and in so doing exploit the 
mixing capabilities of the prevailing turbulence to the fullest. There appears to 
be little definite information on what this does to the turbulence itself. By 
observing the action of tufts Stratford (1959) concludes that the level of tur- 
bulence increases near the wall for the condition of incipient separation. The 
measurements of Ruetenik & Corrsin (1955), pertaining to equilibrium flow in 
a diffuser of 1-degree half angle, show a turbulent kinetic energy 3-1 times that 
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in a parallel channel. Clauser (1954, 1956), who proposed a concept of equi- 
librium boundary layers in adverse pressure gradients and made a study of such 
layers, finds the eddy viscosity, which is effectively a constant for the outer 
80-90 °% of the layer, to be given by KU,6*, where K is a constant equal to 
0-018, independent of pressure gradient and equally applicable to constant 
pressure flow. This denotes something more than the usual increase of eddy 
viscosity with thickening of the layer; it denotes an increase caused as well by 
a change in the form of the profile. There has evidently been an increase in 
mixing capability brought about by rearrangement of the flow in the y-direc- 
tion, the ‘device’ in this case being an adverse pressure gradient applied so as to 
maintain equilibrium. The only known confirmation of this from turbulence 
measurements comes from the work of Ruetenik & Corrsin, and this for a con- 
dition of small pressure gradient. More turbulence measurements in equilibrium 
flows would appear to be desirable. We point out in this connexion that flows 
with zero skin friction represent the high-gradient extreme of an equilibrium 
flow. 

It is not clear how much this depends on an equilibrium condition. Hot-wire 
data such as those given by Schubauer & Klebanoff (1951), Newman (1951), 
Sandborn & Slogar (1955), and Robertson & Calehuff (1957), pertaining 
to non-equilibrium conditions, suggest that there is no marked effect of an 
adverse pressure gradient on the turbulence, other than to change the distribu- 
tion across the layer. The principal effect on the mixing is therefore not through 
a change in rate but through a decrease in the mean velocity, thus increasing the 
stirring relative to downstream movement. Kline (1958) has observed streaks of 
backflow even in mild pressure gradients in diffusers, and he infers increasing 
mixing from this source. However, it is not evident from hot-wire results that 
there is a significant increase in absolute level of turbulence for the general case 
of non-equilibrium flow such as that implied for equilibrium flow. 

Forced mixing, in the sense of this investigation, obtains rearrangement by 
involving the third dimension, z, and hence will always increase any pre-existing 
level of mixing. Thus it would be of considerable interest to apply it under the 
special conditions just discussed. This would mean, for example, applying forced 
mixing under conditions such that 6*, #, and H could properly be compared 
with the values in figure 10 for distribution D, or with cases where separation 
was avoided altogether by a progressive decrease in pressure gradient, allowing 
a little or a substantial margin as desired. Spatial irregularities which charac- 
terize forced mixing may prove to be troublesome in such cases. In application 
therefore there are certain pitfalls to be recognized. In practice, moreover, it 
may not be advantageous, and indeed not always possible, to give the pressure 
curve a special shape for the benefit of the boundary layer. 


7. Conclusions 


The major conclusions from this investigation are: 

1. Forced mixing has basically the same effect on the boundary layer as 
a general reduction in pressure gradient. 

2. Differences in 6* and @ for foreed mixing on the one hand and reduced 
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pressure gradient on the other arise from increments or decrements in these 
quantities introduced at the mixing station. These are magnified in the course of 
development of the layer. In the case of 0, an approximately constant percentage 
increase or decrease is maintained throughout the subsequent course of the layer. 
This rule does not apply unless the more gradual pressure rise has essentially 
the same form as that of the steep rise to which forced mixing was applied. 

3. The mechanics of mixing is about the same for all of the devices tried, as 
well as for those described in the literature, namely, an induction into the 
boundary layer of currents of higher velocity usually accompanied by stream- 
wise vortices. Devices differ in the manner of accomplishing this and in their 


effectiveness and drag penalty. 

4. Since the mixing potentialities of natural turbulence are best exploited by 
a pressure distribution with an initially steep and progressively decreasing 
gradient, it would be of interest to study forced mixing for this condition. Of 
interest also are those cases where the gradients are regulated to avoid the 
actual occurrence of separation and yet are kept high enough to reduce skin 
friction to a negligible magnitude. 


The authors wish to acknowledge the assistance of E. Thomas Pierce and 
William R. Rowland who conducted many of the measurements and contributed 
generally as members of the research team. This investigation was sponsored 
by the Office of Naval Research. 
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A note on the velocity profile and longitudinal mixing 
in a broad open channel 


By T. H. ELLISON 


Department of the Mechanics of Fluids, University of Manchester 
(Received 6 September 1959) 


The mean velocity profile near the surface of turbulent flow in a broad open 
channel is discussed with dimensional arguments, and a new empirical constant m 
is introduced which is analogous to von Karman’s constant for flow near a 
rigid boundary. It is shown that, while the velocity profile depends only rather 
weakly on m, the dependence of the coefficient of apparent longitudinal diffusion 
is stronger, and measurements of diffusion could, in principle, provide an accurate 
determination of its value. The new profiles for various values of m are compared 
with those in current use, and finally the correction for finite Reynolds number is 
discussed. 


1. Introduction 

In a recent paper Elder (1959) discussed turbulent mixing in a broad open 
channel on the basis of Taylor’s (1954) theory and calculated a coefficient of 
apparent longitudinal diffusion in agreement with observation on the assump- 
tion of a logarithmic mean velocity profile. This form is not theoretically satis- 
factory near a free surface, and since the coefficient of apparent longitudinal 
diffusion depends strongly on the shape of the profile, some further investigation 
seems desirable. 

In this note a more satisfactory form for the profile is sought. It is shown that 
dimensional reasoning, which in this context is equivalent to mixing-length 
theory, leads to a new formula containing one unknown constant. This constant 
plays a role at a free surface analogous to that of von Karman’s constant at a 
fixed wall, and is named ‘the mixing constant at a free surface’. Rather precise 
measurements of the velocity profile would be needed for a direct determination 
of the value of the constant, but the more marked dependence of the apparent 
longitudinal coefficient suggests that it may be found more easily from measure- 
ments of diffusion. 

There are a large number of complications which may limit the usefulness of 
the present theory in practical situations. It was first developed some years ago in 
connexion with the diffusion of salt water in an estuary (Hughes 1958), but it 
turned out to be irrelevant in that case owing to the large effect of the density 
difference between the fresh and salt water. In artificial channels the velocity 
profile is commonly distorted by a secondary flow due to their finite width; 
and in all cases any relative motion between the water surface and the air 
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above it may lead to a spurious surface current or even the generation of waves. 
Nevertheless, it still seems worth while to study the idealized case in which 
these complications are absent, for until that is understood, there is little hope 
of deepening our knowledge of real flows no matter how good empirical 
formulae may be. 


2. The velocity profile near a free surface 


In a broad open channel containing a steadily flowing fluid of constant density 
the shear stress varies linearly with height and vanishes at the free surface. So, 
if z is the height above the bottom, the friction velocity u,, is given by 


UZ = UZo(1—2/h), (1) 
or Uy = QUyzo; (2) 


- - a 
where g = (1—z/h)?. Now if the Froude number u,.(gh)~} is so small that the 
surface remains flat and the Reynolds number u,,,h/v is so large that molecular 
viscosity may be neglected, and if it is assumed that the components of the 
turbulence which contribute to the eddy viscosity near the surface are determined 
entirely by local quantities without any direct dependence on the total depth of 
the flow, the usual dimensional arguments assert that the eddy viscosity is 
given by 
o ~ . 
K = mu,,(h—z) 
= mht, »q’, (3) 


where m is the unknown constant which has already been referred to as ‘the 
mixing constant at a free surface’; the corresponding quantity near a rigid wall 
is von Karman’s constant k. It follows from (3) that the velocity near the surface 
must be given by 

. ; U =U, ay — 2M Uy g(1 —2/h)t. (4) 


max 


The logarithmic profile assumed by Elder does not have this form, and seems to 
lack justification. 

There is no difficulty in obtaining a crude estimate of the correction that must 
be applied to (4) when the Reynolds number is not so large that it can be neglected, 
and this will be done in §5. 

The flow near the free surface differs from that in the constant stress region 
near the floor in two distinct ways, each of which may cause m to differ from k. 
First, the stress at the surface is zero so that there is a gradient of turbulent energy 
and therefore the ‘diffusion’ and ‘pressure flow’ terms in the turbulent energy 
balance may be important. This situation also occurs at a point of separation of 
a turbulent boundary layer as has been discussed by Stratfordt (1959a, 6) who 
gives a formula equivalent to (3). He has also been able to produce an experi- 
mental flow with zero wall stress over a finite distance but which is necessarily 
complicated by the deceleration produced by a pressure gradient. From his 
determination of the variation of mixing length very near the wall, it would seem 


+ I am indebted to a referee for calling my attention to this. 
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that m is greater than k, but it is not possible to obtain accurate numerical values 
from his paper.t 

Secondly, a free surface differs from a rigid wall because tangential movements 
are not prohibited at the boundary, although it is doubtful whether such move- 
ments affect the eddy viscosity appreciably. At first sight it might be thought 
that all turbulent velocity at the surface was excluded by dimensional reasoning 
of the same form as that used for the eddy viscosity, but this is not so if the move- 
ments extend in scale up to sizes comparable with the depth of the channel, since 
these scales are not covered by the dimensional argument. The point is quite a 
subtle one and outside the main theme of this paper; a brief explanation is 
attempted in the appendix. 


3. The velocity profile in an open channel 


We know that near the floor of the channel 


K = buy,2; (5) 
so, in order to obtain an approximation to A throughout the depth of the channel, 
we may conveniently fit a polynomial in q such that (3) is satisfied at the surface 
and (5) at the floor. Thus 


K m m—k 
ms 4) oh 1 2 
huggk k ——s )( m 1 
q?(1 —q?) (6? —q°) i 
—_ t 
(2-1) ’ —- 
m \3 
where bh = ‘ a ’ 


This formula may be compared with that resulting from the logarithmic profile 


Kk 
= ¢ 2 ] — ( 2 . 61 

huyok ra—¢) a) 
and with that resulting from an application of von Karman’s hypothesis to this 
flow (see, for example, Hunt 1954): 


K 
= 2q7(1—q). 6K 
fac = 2-9) (6K) 
The velocity profiles corresponding to (6 P), (6) and (6 A) may readily be found. 
They are ' ' - 
il “) = ah ~. . In a ‘meee (7P) 
Uxo b b-1 l-q b-q 
* = U 
me"). tte, (7L) 
Uxo 
kK(u—-U) ., — 
~— ) 5494 (1—49), (7K) 
Ux 


+ The fact that in contrast to this the quantity # used by Stratford to represent (an 
average of) m/k in his inner layer is less than unity possibly suggests that in his case the 
range of validity of (3) is less than his theory implies. 
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above it may lead toa spurious surface current or even the generation of waves. 
Nevertheless, it still seems worth while to study the idealized case in which 
these complications are absent, for until that is understood, there is little hope 
of deepening our knowledge of real flows no matter how good empirical 
formulae may be. 


2. The velocity profile near a free surface 


fn a broad open channel containing a steadily flowing fluid of constant density 
the shear stress varies linearly with height and vanishes at the free surface. So, 
if z is the height above the bottom, the friction velocity u, 


* 


is given by 
us = uz,(1—2/h), (1) 
or Uy, = qu 2 
* VU x05 (2) 


where q = (1—z/h)}. Now if the Froude number w,,(gh)~} is so small that the 
surface remains flat and the Reynolds number w,,,h/v is so large that molecular 
viscosity may be neglected, and if it is assumed that the components of the 
turbulence which contribute to the eddy viscosity near the surface are determined 
entirely by local quantities without any direct dependence on the total depth of 
the flow, the usual dimensional arguments assert that the eddy viscosity is 
given by 4 
™ : K = mu,,(h—z) 

= MAttg eq, (3) 


where m is the unknown constant which has already been referred to as ‘the 
mixing constant at a free surface’; the corresponding quantity near a rigid wall 
is von Kaérman’s constant k. It follows from (3) that the velocity near the surface 
must be given by 

; “= U,... —2mM—Uy4(1 —2/h)t. (4) 


max 


The logarithmic profile assumed by Elder does not have this form, and seems to 
lack justification. 

There is no difficulty in obtaining a crude estimate of the correction that must 
be applied to (4) when the Reynolds number is not so large that it can be neglected, 
and this will be done in §5. 

The flow near the free surface differs from that in the constant stress region 
near the floor in two distinct ways, each of which may cause m to differ from k. 
First, the stress at the surface is zero so that there is a gradient of turbulent energy 
and therefore the ‘diffusion’ and ‘pressure flow’ terms in the turbulent energy 
balance may be important. This situation also occurs at a point of separation of 
a turbulent boundary layer as has been discussed by Stratford} (1959a, b) who 
gives a formula equivalent to (3). He has also been able to produce an experi- 
mental flow with zero wall stress over a finite distance but which is necessarily 
complicated by the deceleration produced by a pressure gradient. From his 
determination of the variation of mixing length very near the wall, it would seem 


+ I am indebted to a referee for calling my attention to this. 
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that m is greater than k, but it is not possible to obtain accurate numerical values 
from his paper.t 

Secondly, a free surface differs from a rigid wall because tangential movements 
are not prohibited at the boundary, although it is doubtful whether such move- 
ments affect the eddy viscosity appreciably. At first sight it might be thought 
that all turbulent velocity at the surface was excluded by dimensional reasoning 
of the same form as that used for the eddy viscosity, but this is not so if the move- 
ments extend in scale up to sizes comparable with the depth of the channel, since 
these scales are not covered by the dimensional argument. The point is quite a 
subtle one and outside the main theme of this paper; a brief explanation is 
attempted in the appendix. 


3. The velocity profile in an open channel 


We know that near the floor of the channel 


K = Riiges: (5) 
so, in order to obtain an approximation to A throughout the depth of the channel, 
we may conveniently fit a polynomial in qg such that (3) is satisfied at the surface 
and (5) at the floor. Thus 


K m m—k 
es 3(] —g2) (1 — 2 
huiygk ok os ( m 4 
; q?(1 —q?) (6? —q?) 5 
= (b?— 1) : (6P) 
m \3 
, sre ij =— 
where p - A, : 


This formula may be compared with that resulting from the logarithmic profile 


A 2 2). . 
ae (1—4?); (6L) 


and with that resulting from an application of von Karman’s hypothesis to this 


flow (see, for example, Hunt 1954): 


kK 
= 29?(1—q). iK 
OG da (1-4) (6K) 
The velocity profiles corresponding to (6 P), (6) and (6K) may readily be found. 
They are . 
: (uw — U b2— + 1+ b+ 
aie 0) ett ae ee (7P) 
Uso b b-1 l—q b—q 
i " U 
ad ET, (7L) 
Ux 
kK(u—-U) ., " 
ss ) - $49+In(1-4), (7K) 
Uxo 


+ The fact that in contrast to this the quantity # used by Stratford to represent (an 
average of) m/k in his inner layer is less than unity possibly suggests that in his case the 
range of validity of (3) is less than his theory implies. 
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where U is the mean (discharge) velocity. U itself is to be found from the condi- 
tion that wu = 0 when z = 2); so, since z) is very much smaller than h, 














kU h b+1 
=In—+In4-bIn- ; (8 P) 
Uxo Zo b-1 
kU h 
= In—-l, (8L) 
Uxo 29 
kU 
nr —4}-+In2 
Uxo oa) 
h 
= In —1-140. (8K) 
29 
10r 
h | 
0 = 
05 
k(u— Oe 
xo h 


FicureE 1. Difference between velocity profiles for various values of the mixing constant 
at the free surface and the logarithmic form. The dotted curve represents the von Karman 
profile in the same way. 


The fact that (8) and (8A) are commonly found satisfactory for engineering 
purposes yields a very crude method of estimating b. If we set 
ee ais 
b-1 
equal to — 1-07, so that (8 P) coincides with the mean of (8) and (8K), we find 
b = 1-45 and so m/k = 1-91. 

The velocity profiles (7P), (7) and (7A) are so alike that there is little prospect 
of deciding between them on the basis of direct measurements of velocity. In 
order to bring out the small differences most clearly, the difference between (7L) 
and (7A) and that between (7L) and (7P) for various values of m/k are plotted 
in figure |. 
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4, The apparent longitudinal diffusion coefficient 

For a two-dimensional flow it can easily be shown (for example, by integrating 
equation (9) of Elder’s paper by parts) that the coefficient of apparent longitudinal 
diffusion is given by 


1 (rl 712 
D= [ K|| (u—U)de| dz. (9) 
/0 Jz 
From (7P), (7Z) and (7K) one finds respectively 

: : 07-1, b+1 oi. 1+q bg, b+q 
(u—U)dz=q b pe b ~—.' (10P) 

Zz. 
| (u—U)dz = —(1—q?2)In(1—¢?), (10L) 

gl 
| (u—U)dz = $q°+ 3q?-—q—(1—q?)In(1—9). (10K) 


v2 


So (9) can readily be calculated numerically in each case. The results are shown 
in figure 2. Elder’s measurements gave a value of 6-06u,, for D, which with 
k = 0-40 would correspond to m = 0-80. However, in the present writer’s opinion 
it is unlikely that sufficiently accurate measurements could be taken with the 
apparatus at Elder’s disposal and the resulting value of m should be viewed with 
caution. It does, nevertheless, confirm the expectation that m is greater than k. 
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FicuRE 2. The apparent longitudinal diffusion coefficient as a function of the 
mixing constant at the free surface. 


5. The correction for finite Reynolds number 


The peaks on the velocity profile at the surface in figure 1 are due to the way in 
which K falls to zero; and it is important to inquire how they are modified by 
molecular viscosity, since in reality it is not possible for K to fall below v. 
Fortunately the correction which has to be applied is small in most practical 
cases and can be estimated. The following conventional analysis is certainly not 
exactly correct but should be adequate for most cases. 
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Let us write the total effective viscosity K as the sum of a turbulent part K,, 
and a molecular part v; and also express the shear stress u2, as the sum of a 


turbulent part w3., and a molecular part u2,,,. Thus 


du du 














9 2 9 + 9 9 
U=Unt+ur.=Kar +p = 9*us,. 11) 
* *7 *m T dz dz 1 Uxo ( 
If we still use (3) for the turbulent part, 
Ke = mhq@*u, 7; (12) 
0 T T 
lf a 
. >< «il 
(QmRk,)§(l—z/h) * 
1 4 
4 } 1 
0 05 10 15 
, (URoo — 4) 
2-3 Rimi —8== 


FiGuRE 3. Correction to be applied to velocity profiles near the surface to allow 
for molecular viscositv. 


so a little algebra yields 


2(A yp +v) = vt (v2 + 4mh2qeur,)? 


= hu, Ry{1 + (1+ 4m?R2 q*)8!. (13) 


where Ry, = hu,,,/v. Hence 
*/ > '3 f 
ee ee he 4R,.q'> dq 
- « ¢ reavl 
Ux0 Jo L+(14+4m?R}q’6)? 


= 28R,}m-4 | — — , (14) 
. Jo 1+(14+2'8)8 
where x = (2mR,)* q. 

Since (14) must coincide with the high Reynolds number solution (4) at large 
values of x, the change induced by molecular viscosity can readily be computed. 


This is shown in figure 3. 


Values of R,, encountered in practice may range from very low values in the 
laboratory to 10° or more in geophysical situations. To take two examples, a 
channel 10cm deep with U = 10cmsec™! and a drag coefficient of 0-01 gives 
R., = 108, and an estuary 10m deep with U = 200cmsec~! and a drag coefficient 
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of 0-0025 gives R,, = 10°. In both these cases it happens (by a coincidence) that 
with m = 0-8 the correction to the surface velocity is 0-28 em sec~! and the depth 
of the viscous sublayer 6, (which may be conveniently defined as the depth where 
molecular and eddy viscosity are equal) is 0-15cm. The sublayer is thus of slight 
significance in the channel, and completely negligible in the estuary. 

There would be no difficulty in calculating the correction to the apparent 
longitudinal diffusion coefficient if one were to assume that in the viscous sub- 
layer the transport of pollutant was by molecular diffusion. However, it is 
known that the viscous but not laminar motions induced by the turbulence 
outside are important and these complicate the situation. There is also a further 
practical reason for not computing these corrections; for them to be valid, 
experiments would have to be conducted over times long compared with that 
required for a typical fluid particle to enter or leave the sublayer and that would 
require channels of immense length. 
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Appendix 


The similarity state at the surface 
The theoretical idea behind the dimensional argument used in § 2 is that there is 
a region near the surface in which the motion is in a state of dynamical similarity 
with its length scale proportional to (h —z) and its velocity scale proportional to 
Uxo(1 —z/h)*. If this similarity state applies to the whole of the turbulence, it is 
clear that the fluctuation in horizontal velocity must be proportional to the 
velocity scale and so fall to zero at the surface, which should therefore move as 
a rigid sheet. Such strictly laminar motion of the surface does not accord with 
observation (though this is confined to channels of finite width) nor physical 
intuition; it thus seems desirable to modify the theory in such a way that the 
similarity state applies only to certain aspects of the turbulence, which include 
the eddy viscosity and the shear stress, but exclude the horizontal velocity. 
This modification can readily be made if we suppose that the motion is resolved 
into elements of different sizes (for example, by Fourier analysis) and admit the 
possibility that even near the surface there may be components in the horizontal 
motion with a scale comparable with the depth of the channel; since these extend 
beyond the region of similarity, it is not reasonable to expect the similarity state 
to include them and its application may be restricted to smaller eddies. The point 
may become clearer if we consider specifically the one-dimensional spectrum 
tensor ®,,(x) of the turbulent stress tensor u;u;. The similarity law for small 
eddies near the surface then asserts that 


KD; = (l—2/h) uo Fj(k[h—z)), for xkh> 1, 
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where F,; is some unknown function of the dimensionless variable x(h—z). Now, 
if the shear stress u,u, depends only on local quantities, there must be at most 


XD 

a negligible contribution to | ,,dx from values of « outside the similarity range 
Poo 0 

and | «x '#,,d« must certainly be finite. On the other hand, if there is to be 
70 


horizontal motion in the surface with a finite amount of energy contained in each 
part of the spectrum, it is merely necessary that F,, should vary as x~1(h —z)~! for 
small values of x(h—z), since then at z = h 


, A 2 1 1 - 
KD), LH Uggk th for kh> 1. 


Clearly this form for the spectrum does not become small as x decreases, and 
indeed would lead to an infinite energy were it not for the cut-off when x is 
comparable with h~'. Hence if there are any motions in the surface, they must 
include some whose scale is comparable with the depth of the channel. Casual 
observation of natural streams suggests that this is what happens in practice. 

The restriction of the similarity state to a limited range of scales is not in any 
way unusual; a closely analogous situation arises in connexion with the pressure 
spectrum II(«) at a rigid wall. Close to the wall the stress may be assumed to be 
approximately constant over a depth 4, and in that case dimensional arguments 
suggest xIloc w4, and the amplitude of the pressure fluctuations would be 
infinite if the range of application of the similarity law were not restricted to 
~i>k> dé, 
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A line source on an interface between two media 


By V. M. PAPADOPOULOS 
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The assumption of dynamic similarity is used to determine the velocity potential 
of an unsteady line source which lies on a plane separating two media of different 
density and sound velocity. The solution first derived is for a source whose 
strength varies with time as a step function; the pressure in this case may be 
identified with Hadamard’s elementary solution which in a homogeneous fluid is 
(c/27) (ct? — r?)-4 if r < ct, and Oif r > ct. We next derive the solution for a source 
whose strength has a delta-function time dependence; we then describe the 
results for a supersonic point source moving on the interface, and finally we 
transfer the results to solve the corresponding electromagnetic problem. 


1. Introduction 

In some recent work Craggs (1956, 1957) and Papadopoulos (1959a, 19596) 
have shown the value of the assumption of dynamic similarity in the solution of 
a number of unsteady two-dimensional problems in various physical situations. 
In each case the unknown quantity satisfies the wave equation. 

In this paper we shall determine the nature of the field of a uniform line source 
which is suddenly set up at some definite moment on the plane interface between 
two different homogeneous fluids. We assume a linearized equation of state, and 
that the source is weak enough for the acoustic approximation to be valid. We 
take the source to be at the origin r = 0, and we take the time ¢ = 0 to be the 
moment at which the source is made active. Under the assumption that the 
subsequent unsteady motion is irrotational, it is well known (e.g. see Friedlander 
1958) that the velocity potential satisfies the wave equation 


V2d(r, 0, t) = c-?(0?h/ct?), 
where c is the velocity of sound in the medium at rest, while the pressure change 
p and the particle velocity q satisfy the equations 


p = og/et, pq = —V¢. (1) 


Here p refers to the constant density in an undisturbed medium. 

Within a single uniform medium, it is known (e.g. see Lamb 1932) that the 
potential of a line source of uniform density U(t) (U(t) = 0 if t < 0, U(t) = lif 
t > 0) is (1/27) sech—1(r/ct); it is clear from this result that it is reasonable to 
assume in the present problem that the velocity potential depends only ontwo 
variables s (=r/t) and 9. This is the assumption of dynamic similarity. It may be 
added that the pressure corresponding to the above potential is identical with 
Hadamard’s elementary solution (1923) of the wave equation in two dimensions. 
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Suppose now that some quantity S(s,@) satisties the wave equation in the 
variables (r,4,t). Then since s = r/t it follows that S must satisfy the equation 


Pair e | (2) 


If s > c, the equation is hyperbolic. Put s = csec w, so that 


CS cs 0 3 
ce uz (3) 
and s = f(u—@)+9(u+4). (4) 


where f and g are arbitrary functions, and the lines on which u+6 and u—@ are 
constant are characteristic lines tangent to the circle s = c. If s < c, equation (2) 
is elliptic. Put s = esech(—v), so that 


ie ee sae, (5) 


It follows from equation (5) that with the harmonic function S in the elliptic 
region we may introduce a conjugate 7'(v,@), so that W = S+iT is an analytic 
function, and such that 

oS eT as af 

cv 00” COC (6) 
In §2 the detailed solution of the acoustic problem is given. In §5 we describe the 
change to be made to give the results relevant in the setting up of a charged line 
or of a line current. 


Medium | E 
/ Elliptic region 
/ : 
/ 
ao 







7D 
Elliptic region 


Medium 2 


Figure 1. The elliptic regions in the (s, @)-plane. 


2. A line source of step function time dependence 


In figure 1 we depict the physical situation in the (s,4)-plane. The upper half 
of this plane, 0 < @ < 7, represents the region occupied by a medium 1, and the 
lower half, 0 > 0 > —7, that occupied by a medium 2. The respective density p 
and sound velocity ¢ are distinguished by the suffix 1 or 2 where appropriate. 
We assume that c, > c,. The semicircles s = c,, s = c, separate the elliptic and the 
hyperbolic regions in each medium. 
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There are two requirements on the solution of our problem. The first is that the 
solution of the steady problem shall be approached in the limit as s > 0 (i.e. as 
t-> 00). The second is that at the interface both the pressure and the normal 
component of velocity shall be continuous. 

Suppose that the quantity S and the velocity potential are related by the 
equation pc?S = ¢. From equations (1) it follows that the radial and transverse 
components (q,,7,) of the velocity, and the pressure change p, satisfy the equations 


cs a tq, = pt 

ol pets,’| 

cs _ 199 | @) 
oO =O 


Putting m = c,/c,, k = p./p,, then we may write the continuity conditions in the 


form fie pa 
F oS, Od, > 
mic— = —, (8) 
Cs Cs 
,0S. os 
and m* ——* = ——}, (9) 
cO cé 


We may refer again to figure 1 to discuss some of the properties of the 
solution. In the hyperbolic region, it is clear that the value of S as s>« 
corresponds to the initial value of S. Hence S is uniformly zero at infinity for 
all values of 0, and from the nature of the solution (4) it follows that the value of 
S is everywhere zero outside the region AFDE. Within the triangle CDG the 
solution is necessarily of the form S, = f(w—@), and in the triangle ABH the 
solution must be of the form S, = g(u+@), where f and g are functions to be 
determined. The solution must be symmetric about the vertical axis in figure 1; 
hence we need only examine the field in the right-hand half of the (s,@)-plane. 

Consider the region s <c,, 0 < # < 4m. In this region we have that (i) the line 
OE is a line of symmetry on which ¢S,/c? = 0. The are ED, which is the envelope 
of the characteristics in the hyperbolic region, is itself a characteristic. Across this 
are the pressure and the radial velocity will be discontinuous. The tangential 
velocity component must be continuous, however, so that (ii) 0S,/60 = 0on ED. 

The continuity of pressure and of normal velocity across the interface CD 


implies that on CD 


es, 57, OSe 97, OS¢ Olle 57, Olle OSe CU, CS, CU, Cs OT, 
— = mk — = mk — — = — mk = —k Se =H hk eS 
CS Cs Cus C8 cs cé cs Cc CS CV, C8 
wn on OU 
hus 7 S,—k Jes 2) _ 0 
cs ov,) 
OW, 5 \ Ole 
so that R ‘(1 +ik. *) | == GF. (10) 
| es ev,)) 


On physical grounds we may expect singularities in W, only at the points 
O,C, D, E. The first quadrant in the circle in the (s, #)-plane corresponds to a semi- 
infinite strip in the complex (v,,4)-plane and under the transformation 


y 


C, = €, +t, = sech (v, +70) 
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we may map this strip conformally into the upper half of the complex ¢,-plane. 
The conditions just enumerated are that 
(i) singularities are to be expected only at the points ¢, = 0 m.1 and o; 
(ii) OW,/0¢, is imaginary, for £, = 0 7, > 0; 
(iii) OW,/0¢, is imaginary, for 7, = 0 |&,| > 1; and 
(iv) for 7, = 0, m < &, <1, 


ow, ~ RC fy 5(4 =)" \-1 

0b, mk 1-@) J’ 
where R(¢,) is a function which must take real values on this segment of the real 
axis. Since s = c,, = 37 isan ordinary point both for S and for ¢S/c0, it follows 
that as |¢,| > 0, 

(v) oW,/e¢, = O(G7?~*) with d > 0. As €, + 0, the field must approach the 
steady state value, and therefore 

(vi) oW,/e¢, = O(f7") for ¢, > 0. 

Thus, after applying these conditions, we may write 

ow, F(G) (11) 
ot, ~ OI 1 — €2)4 — (t/mk) (C2 — m?)2] 
it being implied that F(¢,) is bounded as |¢,|->00, is real on the positive real 
axis for £, > m, and is real on the imaginary axis. This final condition implies that 
F must be an even function of ¢,. 

Whatever may be the formula for F'(¢,) which we shall determine, we must, in 
setting up the solution for medium 2, satisfy the continuity conditions across OC. 
If in this elliptic region we use the conformal mapping ¢, = £, + i7, = sech (v, + 14) 
to bring the region of interest, s < c,,0 > 4 > —4n, into the fourth quadrant of 
the ¢,-plane, then across OC, €, = m¢€,, and the continuity conditions are 


CS, 0 
9 1 
m*k —* = = 
ly Oy’ | 
(12) 

«3 Cle 1— mG s0T 

and mk—- =k on —s 
Cg 1—¢3 / cle 


It is clear under the conditions imposed that F(¢,) must be real on the whole of 
the real axis. If F(¢,) is complex on the real axis for 0 < £, < m, there must be 
branch points of F at the points £, = 0and , = m. Hence for this region we may 
write . 5 

F(G) = AG) +iBG) (a2) » (13) 


where A(f,) and B(¢,) are even functions of ¢, which are real on the whole of the 
real axis and which are bounded as |¢,|->0%. The continuity conditions (12) 
lead to the equation 





_ A(mL,) + ikB(mE,) [(1 — m2) G3 = c3)}* (14) 
he 


Co Cof(1 — m2C3)t + k-1(1 — 38}. 


This result, derived for real values of €, with 0 < & < 1, may be continued 
analytically into the whole of the fourth quadrant of the ¢,-plane. If the function 
B exists, expression (14) has a simple pole at ¢, = 1, so that W, has a discontinuity 
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at this point. At the corresponding point ¢, = m, W, has no discontinuity (from 
equations (11) and (13)); the only way to avoid this inconsistency is to set B = 0. 
It follows that F(,) is a regular function bounded at infinity and real on the real 
axis, so that it can only be a real constant A. The vanishing of B means that there 
is no normal velocity between the two subsonic regions. This section OC of the 
interface is a vortex sheet which is steadily lengthening. 

We may now write the explicit results 
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The velocity components and the pressure, which are related to the derivatives 
of S as in equations (7), may now be found. Thus, for s < c, in medium 1, when 
¢, = sech (v, + 70)’and s = c, sech (— 1). 
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The constant A is a measure of the volume of fluid produced by the line source; 
by considering the steady state in the limit s > 0 or 0, we find that the volume 
created in each medium is 7k Ac?/(1 + £)in medium 1 and 7 Ac?/(1 +) in medium 2. 
Thus the strength, for t > 0, of the source is Ac; the fluid then produced is 
apportioned between the two media in the inverse ratio of the densities, so that 
the mass of fluid produced is the same in each medium. 

To determine the velocity components and the pressure in the hyperbolic 
region CDG, we use the explicit results derived from equation (16) and (17) for 
points on the boundary CD, and we use the characteristic form of the solution in 
CDG to find the complete result. Thus in CDG S, = f(u—@) where s/c, = sec u; 
it follows that ¢S,/e0 = —f’(u—9@). For c, < 8 < ¢, 


1 (es A (s*—c3\3 I; 32 
(uy = ~ ail 3a), ~ - Silane ) /\ ta (3) 


0 


= H(s), say. | (18) 
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It follows that in CDG, 
@S,/00 = —H(s*), 


where s*/cg = sec (u—@) = s/c, cos 4 + sin O(s? — c3) 


sf (19) 
Similarly the derivative ¢S,/¢s is given by the equation 


oS, a H(s*) (20) 
és s{(s?/e3)— 1] : 


3. A line source with delta-function strength 

As far as fluid motion is concerned the analysis of §2 is merely an exercise in 
setting up a quantity which has the property of dynamic similarity in a region 
with the properties given. By assuming uniform densities for two media, we are of 
course neglecting gravity, but it is not clear whether we can neglect the effect at 
the interface. Under the usual first-order approximations, given a small displace- 
ment y = 7 in the position of the surface, the conditions of continuity of pressure 
and of normal velocity take the form 


—P2 = = (Pi —P2) 9+ + 


Cn 
P, Cy po ty ct’ 
where y is the axis normal to the interface. 

Although from these equations alone we may find only what sort of surface 
waves may exist on the interface by prescribing a form for the displacement, we 
shall eliminate the dispersive effects due to gravity by insisting that 9 be a 
function continuous in x and t, small in comparison with the quantities 

[Pot Pil l9(P1—P2)}* and [p+ pe] [9(P1—P2)]*, 
where p, is the steady pressure at the interface. Then ¢y/ct is also small. The 
assumption of an acoustic line source of infinitesimal amplitude and step 
function time-dependence in §2 in no way violates this assertion. 

With these remarks in mind we can now state that the results for an (acoustic) 
source of delta-function time-dependence on the interface are obtained from the 
formulae in §2 simply by differentiating with respect to time throughout. Thus 
the known results for ¢¢/ct in §2 represent the values of the velocity potential in 
the impulse problem. These values are 


Ap,c} i (C2—m2\3]-2 
j,  — : tt ,A\1—- 21 for r< cyl, 
[t? — (r?/c2)]? mk\ 1—-& 
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Ap,¢3 (ej —e3 Mi c2 —¢2\| 
Also dy = v1 0 (a= 0 3) 
” 2 [(r2/e2) — #2] m =a —c2| t + nk? 2) 
1Co 
where t. = s 


cyt cos 6 + sin O(r? — c3t?)} 


This final expression for ¢ is valid within the hyperbolic region GCD. 


4. The supersonic source 

The results given in §2 are immediately applicable in the calculation of the 
fields which accompany a semi-infinite line source of uniform strength, which 
is moving lengthways on the interface between two fluids. This line singularity 
moves steadily with a velocity V which must be supersonic with respect to 
both media, and it lies on the z-axis. 

The flow is conical, and the variable s is now of the form s = rV/(Vt—z) 
for steady motion in the positive z-direction. The s- and 6-derivatives of the 
potential are then given by equations (17) to (20) if we replace c, by c, V( V2 —c?)-3 
and c, by c,V(V?—c3)-}, and if we modify the quantity m accordingly. The 
:-derivativ e, that is the quantity {s/(Vt—z)} (éS/és), then represents either the 
velocity component parallel to the line singularity, or the potential of a super- 
sonic point source moving along the interface. 


5. The electromagnetic problem 

The results derived in the acoustic problem are applicable in the theory of 
electromagnetic pulses involved in the sudden setting-up of a current in an 
infinite line or of a charged line on the interface between two media. In the former 
case the vector potential has only one component A, = c?S(s,@), the constant k is 
the ratio of the magnetic permeabilities 7,/,, and m is the ratio c,/c,. The non- 
zero field components, derived from Maxwell’s equations, are 
pic? oS uc? oS 


= ~ B=! = and FH, = —sB,. 
e r 06 . t cs . 4 


’ 


For the charged line we relate the quantity S to the scalar potential ® through 
the equation ® = c?S. In this case k is the ratio of the dielectric constants €,/€,, 
and the non-zero field components are 


The results given in equations (16), (17), (19) and (20) may be used directly to 
derive the field components. 


6. Conclusion 

The assumption of dynamic similarity is used to determine the velocity 
potential and pressure field of an impulsive line source which is suddenly set up 
on the plane which separates two media of different density and sound velocity. 
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The solution for the potential may be identified with Hadamard’s elementary 
solution of the wave equation in the homogeneous case, when 


@ = ——(c*#? —1?) + if r<et, 
27 
@=0 if r>ct. 


In the case of two media considered in this paper, there are similar algebraic 
singularities on the shock fronts r = ct in medium 1 and r = c, t in medium 2. 

A feature of the solution is that since CW/e€ is real on the section OC of the 
interface, there is no normal velocity between the two subsonic regions. This 
section of the interface is a contact discontinuity (i.e. OC is a steadily expanding 
vortex-sheet). 


The author presented these results verbally at the spring (1959) meeting of the 
U.R.S.1. in Washington, D.C. A similar method has been used independently by 
Keller & Gardner (1959) to find the solution for a line dipole. This research has 
been sponsored in part by Air Force Cambridge Research Center under 
contract AF 19(604)-4561, and in part by the Office of Naval Research and 
the David W. Taylor Model Basin under contract Nonr-562(24). 
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Sound emission from jets at high subsonic velocities 


By ERIK MOLLO-CHRISTENSEN 
AND RODDAM NARASIMHA 


Department of Aeronautics and Astronautics, Massachusetts Institute of Technology 
(Received 16 September 1959) 


Measurements of spectra of sound emission to the far field from jets at high 
subsonic velocities are presented. The similarity relations found in the experi- 
ments suggest a mechanism of sound generation and scattering where the latter 
is of dominant importance. A possible mechanism is described. 


1. Introduction 

This paper reports on some measurements performed at the California Institute 
of Technology during the past year. While many results of jet noise measurements 
were available in the literature, no single set of experiments was sufficiently 
complete to allow one to establish the similarity relations for the spectra of 
emitted sound. 

The purpose of our experiments was to find these similarity relations. This can 
be attained only by performing the experiments under closely controlled circum- 
stances which are difficult to obtain, as was soon discovered. Parasitic variables, 
involving the amplitude of sound from the air supply, the reflectivity of the 
surroundings and scattering from the microphone all presented serious problems. 
Only after months cf attention to these details was it possible to obtain meaningful 
narrow band-pass data, which would yield the spectral definition required. 


2. The air flow arrangement 

The experimental arrangement is shown in figure 1. From the laboratory air 
supply the air passed through a water separator, a reducing valve and a throttling 
valve through a flexible hose to the settling chamber. The settling chamber was 
lined with 1 in. fibreglass mats, and contained twelve perforated disks, made up 
from plywood faced on both sides with fibreglass. The perforations consisted of 
eight 1 in. holes randomly arranged. The baffles were followed by three screens. 
The first contraction was made of plaster of Paris, and after a short straight 
run through a 2in. smooth pipe, the air entered the final nozzle. The nozzles 
were made of brass, polished on the inside; they all ended in a straight run, three 
diameters long for each of two ‘laminar’ nozzles 0-375 and 0-201 in. diameter, 
and about forty-three diameters long for the turbulent nozzle, 0-375 in. diameter. 
The overall contraction ratio, based on area, varied from approximately 100 
to 400. 

The anechoic chamber, in which all the measurements were performed, was 


8 x 8 ft. in cross-section, and was 10ft. long. Its anechoic properties were judged 
4 Fluid Mech, 8 
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to be satisfactory after the jet noise measurements showed the existence of far- 
field similarity of spectra, within experimental accuracy. No far field can exist 
inside a reflecting enclosure. 

Measurement of the sound level at the end of the first contraction at maximum 
mass flow showed it to havea root-mean-square amplitude of less than 1 dyne/cm*; 
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most of this noise was outside the frequency band of the measurements. The use of 
small capillary tubing for transmitting the pressure in the stagnation chamber to 
the manometer effectively prevented cavity resonance in this tube. 

Profiles of the Mach numbers of the resulting flow are shown in figures 2, 3 and 4 
for several jet Mach numbers. 





















































Sound emission from jets 51 
far- 
cist | 3- Method of sound measurement and recording 
A barium titanate microphone of the type designed by Willmarth (1958) was 
um used in all the measurements. The face diameter of the microphone was 0-25 in. 
m?; A small shock tube was built and used for microphone calibration. 
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The amplifiers designed and built for the purpose gave a r.m.s. noise level of 
1-7mV at the input, or, in terms of pressure, 1 dyne/em?, over the band-width 
500 c/s to 100 ke/s. 

The signal from the amplifier was passed through a band-pass filter, cutting off 
at 500 and 100,000c/s. The signal then went into a true r.m.s. meter, into an 
oscilloscope for monitoring against overloads and a Donner Model-21 wave-form 
analyser. The output from the wave-form analyser went to a low-pass filter, for 
averaging, and the filter output was recorded by a pen recorder. 


— Oscilloscope 
Cathode |_[ amplifier on, 
follower 
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FicureE 5. Block diagram of recording equipment. 


The power band-width (Q,,) of the wave-form analyser was 45 c/s, a measure of 
the width of an equivalent rectangular spectral window. 

The frequency dial of the wave-form analyser was driven by a clockmotor, and 
its position recorded by the other pen of the pen recorder. Taking account of the 
traversing speed of the frequency dial, the resulting spectra were thus averaged 
over a maximum of three band-widths. 

In addition to this primary equipment, many pieces of secondary equipment 
were used from time to time in the development of a satisfactory experimental 
arrangement. 

The microphone was supported on a thin wire, and was pointed at the jet nozzle 
to minimize scattering. In spite of this, scattering occurred at approximately 
37,000 c/s, as could be seen in the spectra. No data were taken above this 
frequency. 

A block diagram of the recording system is shown in figure 5. 


4. Dimensional analysis and similarity of emitted sound 


In the study of aerodynamically generated sound, the fluctuating pressure 
p’(r,t) is measured. Its statistical properties determine the structure of the sound 
field and its relation to the sound-producing flow. 

The simplest and most important quantities to be measured are the mean 


square pressure p’? and the power spectral density ¢(f,r) with respect to fre- 
quency f (c/s). They are related by p’? = |ddf. 








all 


wh 
res 


Th 





of 


nd 
he 
ed 


nt 
tal 


zle 
aly 
his 


ire 
nd 


an 


re- 





Sound emission from jets 53 


The sound-producing flow is described by a set of parameters which involve at 
least the following: density p, kinematic viscosity v, velocity of sound a, velocity 
U and a characteristic length D. There will also be a number of other parasitic 
parameters, such as the sound and turbulence levels of the stream used, the 
microphone diameter, the cut-off frequencies of the recording equipment, the 
averaging time, ete. 

Indeed, the decisive part of an experimental study of aerodynamic noise lies in 
the identification and elimination of parasitic parameters. This is obvious for any 
experiment; it is emphasized here for the case of aerodynamic noise because the 
nature of the problem, namely, the study ofa random wave-field of small intensity 
without @ priort knowledge of what to expect, often makes it very difficult to 
know whether one has succeeded in measuring what was intended or not. 

[If one assumes that all parasitic parameters have been eliminated, dimensional 


analysis vields for the form of p’? and ¢ 
r 
p? = pUF (=, Re, Mt) 


where Re = UD/v and M = U/a are Reynolds number and Mach number, 


respectively; and 


Af.) = p?U* a Rd Re, M) : 
where V is some characteristic velocity. 

If one adds some physical insight to the process of dimensional analysis, one 
may find that only certain combinations of the dimensionless variables occur. 
For example, one may apply the law of conservation of radiated energy in the far 
field of an emitter of limited size, from which one finds that the intensity must 
fall off as 1/r?. Thus, —__ p2 
p'* = pus 2 F\(0; Re, M), 


D8 
it ae 
where r is the distance from the jet exit and # the angle r makes with the jet axis. 

To go beyond this stage, one must adopt a more detailed physical model. The 
choice of physical models will be suggested by the results of the experiments, this 


aoe : ; Re, M), 


¢ = pus 


being a purpose of experiment. 
From these similarity considerations it was decided to present the results in the 

following form, with V = a = dp, 

f(r? 1 a@ Re (2 

\D? p?, M4 D M™ 


, Re, M, 0) = d >, 0, Me; a)! ; 


a 


The reasons for the different terms are the following. 


r?/ D? takes account of the far-field radiation law. 
] ] 
p*, M4 m p?U4 
alternatively, the spectral intensity or spectral sound energy flux through the 

jet nozzle, 4pU% times the Mach number. 


scales the pressure fluctuation by the jet dynamic pressure, or, 
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o+ 
a/D establishes the time constant. 
Re"/M™ is a multiplying factor; the exponents are chosen such as to enable 
all the data to be plotted as closely on a single curve as possible. 


5. Measured sound spectra 

The measured far-field spectra are shown in figures 6-10. In each case, the 
similarity parameter Re”"/M™ was chosen such as to give the best possible fit. The 
spectra have been plotted on linear scales, as it was thought that this would be 
more revealing than the usual octave-decibel system. 
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FiaureE 6. Similarity in spectra at 
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In figures 6—10 the following notation is used: 
£ £ 


r2 oa p? l R } 
g= —~ — - = ’ 
7= | DtQ,D py M@™ Reet 


M D = 0:375 in. D = 0-201 in. 
0-70 : Cy 
0-88 A A 

: 0-99 A . 


(Here p”/Q,, denotes power spectral density, p” being the mean-square pressure within 
the bandpass Q, of the wave analyser. ) 

In figures 6 and 7, » = 6. 

Some of the spread in the data is probably due to experimental inaccuracy, and 
some of it due to application of an inexact similarity parameter. For example, it 
should not be expected that for the entire spectrum at any given point there 
would be no relation between M and fD/a in the function g. 

Considering the spectra as they have been presented, a few features are im- 


mediately apparent. 
(1) Reynolds number appears to be an important similarity parameter as far as 


sound emission is concerned. 
(2) In most regions, the spectra scale slightlv better with fD/a than with fD/U. 
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(3) Spectra near the jet show a maximum intensity at a Strouhal number 
[D/a = 0-2, but for @ = 35° there was no maximum in the frequency band in which 
measurements were made. 

(4) The power of Mach number which gives the best similarity varies with 
6 from m = 4 at 0 = 90° and m = 6 at 25°. 
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See figure 6 for notation; m = 4. 


6. Outline of a working hypothesis of jet noise 

The appearance of Reynolds number as a similarity parameter in the far-field 
noise suggests that the far-field noise is generated in a region of the jet where 
‘evnolds number is an important parameter. The only such region is the region 
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of high mean shear immediately downstream of the nozzle. Here the thickness of 

the shear layer is determined by the thickness of the boundary layer on the nozzle 
wall at the exit, and this boundary-layer thickness depends strongly upon 
Reynolds number. 

It appears that all the features of the observed far-field spectra can be explained 
in terms of a generator of sound in the early free-shear layer, and scattering of 
this sound by the mean flow of the jet. As will be shown, this scatter is coherent 
for long wavelengths, and partly omnidirectional for short wavelengths. The 
scatter is thus to some extent frequency selective; the most striking consequence 
of this is the appearance of a maximum at low frequencies in the spectra near the 
jet axis. 

As will be discussed later, the sound emission from the early shear layer will be 
that of a dipole sheet, probably anticorrelated about a diameter. Further down- 
stream, turbulence increases, and the turbulent sound sources in the turbulent 
mixing region possess space correlations of much higher order than the sound 
sources in the early shear layer, and therefore the radiation to the far field is 
negligible in comparison. In the near field, these pressure fluctuations with high- 
order correlation may be dominant, but they will radiate very little energy to the 
far field. 

The lowest order sound emitter has thus been located. We proceed to examine 
the scattering of sound from the early shear layer by the flow in the jet. For sound 
of wavelengths of several jet diameters, such that the wavelength is large com- 
pared to the mean shear layer thickness, the scattering may be approximated by 
that of a discrete shear layer with uniform flow inside and still air outside. 
A sound wave travelling in the downstream direction will be moving with the 
velocity of sound with respect to the air in the jet, and with a Mach number of 
M +1 with respect to the air outside. The transmitted radiation will therefore be 
predominantly in the direction 4 = cos“![{1/(1+./)]. A sound wave moving 
obliquely to the jet axis will be transmitted and reflected from the shear layer. 
The reflected wave will be different in phase from the impinging wave (Ribner 
1957) so that certain wavelengths longer than two jet diameters will resonate 
back and forth across the jet. This will cause an increase in the radiation of such 
wavelengths to angles of 4 = cos~![{1/(1+J/)]. However, the waves which have 
bounced back and forth many times will by then have been carried far down- 
stream into the fully turbulent region of the jet, where the mean Mach number 
has decreased, and will therefore be radiated to points nearer the jet axis than 
0 = cos-![1/(1+ M)]. 

This accounts for the low-frequency maximum in the spectra near the jet 
axis. The wavelength which gives maximum resonance across the jet appears to 
correspond to fD/a = 0-2, as can be seen from the measured spectra. 

For shorter wavelengths the scales of turbulence must be considered in the 


scattering phenomenon. In addition to direct transmission of the primary wave 
to regions in the vicinity of # = cos-1[1/(1+ 1)] as before, the waves of wave- 
length comparable with the scale of turbulence will experience a more or less 
omnidirectional scattering, and this omnidirectional scattering will be most 
intense for the very short wavelengths, which will be scattered omnidirectionally 
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from the early part of the mixing region, where turbulence is most intense. This 
high-frequency omnidirectional radiation is apparent in the spectra. In addition 
to the scattered radiation, there is direct outward radiation from the early shear 
layer. This direct outward radiation will be of dipole character, and the dipoles 
will probably move at half the jet velocity. The angular intensity distribution 
of this radiation will be as sin @/(1— 3M cos @)?. 

It is, of course, possible to replace both the sound generation and scattering 
mechanisms by a source distribution on the jet axis and obtain a correct repre- 
sentation of the far field. The separation of sound generation and coherent and 
omnidirectional scattering of the sound emitted by the generators chosen here 
does have the advantage of being closer to the physical processes which cause the 
noise observed in the far field. 

In general, this model gives results in qualitative agreement with experiment. 
In particular, it gives an explanation of the maximum at low frequencies observed 
in the spectra near the jet axis, which other models of jet noise have failed to do. 


7. Similarity laws for noise generation in the high shear region 

These similarity laws are best obtained by rewriting the equations of motion 
of a gas as a non-homogeneous wave equation, as Lighthill (1952) has done. From 
the continuity equation 


cp. ¢ “i 
a+ (pv;) = 9 (7.1) 
ct Cx; 
and the momentum equation 
C(pv;) Cp 0 bs 
fe ha (pv;v;) a ea +> x Tij (7.2) 
ot Cx; a, C2; 
one obtains, by adding the divergence of (7.2) to aj V’p and using (7.1) 
Cp 02 
9cC9° 9 9 m6 
—-—— +4 ¢a2V2o = —~—x~— (pv, v;—-7;;) — V*(p — ip). (7.3) 
at2 o’ fF da Cx; aad ok a 0 
Assuming a perfect gas and making use of the relations 
(Cp ; ‘ ‘Op Pp 
(*) = @* = yRT; (-% =- 
CP/s On| p Cp 
one may derive 
ep a2 
—." 4 @2V2%o = —~— (pv,v;—T,;) + (a2 —a?) V’p 
ct2 0Y'f Cx Cx; (f "3 ij ( 0 f 
9 0T 10S Cp im 
_l4Pyeg4yRLo 7m a (7.4) 
Cy t t Cy OX; OX; 


This, with some minor modifications, is the equation used by Lighthill. For low 
Mach numbers the right-hand side can, as a first approximation, be considered 
known and so treated as a source term. At higher Mach numbers, however, 
scattering and convection cannot be neglected, and the right-hand side would 
contain terms depending on the sound emitted, a physical emitter being by its 


nature also a scatterer. 
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Chu & Kovasznay (1958) have considered the conditions under which Lighthill’s 
approximation is valid. The sufficient conditions they find restrict, in principle, 
the approximation to weak turbulence in almost uniform flow. 

In the presence of large gradients in the mean flow it is advantageous to write 
each variable as the sum of its time average and a fluctuation about this average. 
Denoting them by a bar and prime, respectively, (7.4) becomes 

ep o? 
——~,, +a2V*%p’ = -= 


ct? Cx; CX; 


on 99.99" as. 93 
(PU; V; + PV;U;, +P V;2; 


Yas’ ay. 1. Hy’ 99" tS oe , 
FP VZV; HPV; Lj + P U,V; + P U;Y; — T)5) 
cp’ oT 
* 7) 


cp eT’ 
Cx; Ox; O02; Ox; 


y) 
+2 yg’ 


Cy 


= 7B 


where the steady terms on both sides have been cancelled and second-order terms 
in p’, T’ and S’ have been neglected. 

Now restrict the discussion to the flow near the nozzle where there is a very thin 
shear layer separating the uniform parallel flow from the quiescent air outside the 
jet. Ifn is distance measured normal to the shear layer, the gradient 0v,/0n is very 
large, and so the dominant terms on the right-hand side are the ones that involve 
this derivative. Neglecting entropy and temperature gradients in the flow, we get 
from (7.5) 


ne! AA! Das ABA! A 
eal azV2' aoe <P) OP — Cpr, CV, (7.6) 
aaa = ae ee a eae ea oe = ‘. 
ct? z ex? pact Cn Cx, 
for the field inside the jet, and 
oe e Cpr, ev, _ 
eT = ~2- 7 (7.7) 
ct Cn CX, 


outside the jet, the right-hand side being zero outside the jet in both cases. 

Equations (7.6) and (7.7) show that the shear layer acts like a dipole-sheet 
emitter. The strength of the dipoles is not known a priori, but their total strength 
at any instant has to be zero if the efflux from the jet is steady. The net effect is 
that the shear layer will appear from the outside as a longitudinal-lateral 
quadrupole. 

If the right-hand side in (7.7) 7s considered known, we can formally write down 
for the density fluctuation in the far field (as in (4)) 


p'{x:0) = - {| e(pry(y)) (y,—2) 2 | 


= 
cn =\y—xi? ct| 


v. (y int 
27a dd. i a 


dipole volume 


We can now find the similarity law as follows. The analysis is admittedly rather 
crude, and is really justified only by the agreement of the final results with experi- 
ment. If 6 is the shear-layer thickness, we now assume that the thickness and 
length of the dipole region are each proportional to 4, also that 


cpv,/cen ~ (pU/d) and vi ~ U. 
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We also assume that the characteristic time of the fluctuations varies like D/U, 
ae av’, [et ~ U2/D. 
The peripheral distance around the sheet is proportional to D, so we get 


1 pU UV? Dé 
)’ ~ - -m~ Da 3 
f ar & D aii ae r D 


. , ns ; D UD 
For geometrically similar nozzles we might take J = Re, so that one 
finally obtains 


Salk tale p= M*/D\? 
This yields P A ) 


and shows the experimentally found dependence on Reynolds number. The power 
of the Mach number was in most cases somewhat higher, presumably due to the 
effects of scattering. The spectral ve of p’ is found to be 


62.0, My, Re) ~ a = Of, 0). 


7 V1 
2 
r ay “Re Ay 


8. Jets with turbulent flow at the nozzle exit 

From the present understanding of the experimental results, one is strongly 
led to believe that the mechanism of sound emission to the far field from jets with 
turbulent flow in the nozzle is the same as that described above. 

The spectra obtained with the turbulent pipe flow nozzle, in general, resembled 
those obtained with the shorter nozzles. A strict comparison between them is not 
very revealing on account of the very different Mach number profiles for the 


different nozzles. 


9. Conclusions 

From a consideration of the similarity relations obtained from experiments, it 
has been possible to outline a theory of noise emission from subsonic and low 
supersonic jets. 

The sound is generated in the high shear region of the jet, the shear layer of 
which is considered a dipole sheet with the dipoles oriented along the jet axis. 
This radiation is emitted both outward and inward. The inwardly emitted 
radiation is subject to multiple scattering before emergence from the jet. One 
effect of scattering is the occurrence of a low-frequency peak in the spectrum of 
emitted sound at an oblique angle to the jet axis, another effect is the increase of 
energy radiated to 6 = cos“1[1/(1+ 4)}. 

With this description of the mechanism for jet noise, some methods of 
silencing of jets suggest themselves. It would be beyond the scope of the present 
paper to discuss them. The apparently intimate connexion between jet stability 
and noise generation appears worthy of further investigation, as does the effect 


of sound scattering upon the mean flow in the jet. 
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Steady longitudinal motion of a cylinder in a 
conducting fluid 


By HIDENORI HASIMOTO 


Department of Aeronautics, The Johns Hopkins University* 
(Received 4 September 1959) 


ihe steady motion of an infinitely long solid cylinder parallel to its length in 
a conducting fluid in the presence of a uniform magnetic field is discussed. Due 
to Alfvén waves originating at the cylinder we find two opposite ‘wakes’ parallel 
to the applied magnetic field. 

A formula which relates the total drag on the cylinder to the electric potential 
difference 6® between the two undisturbed regions outside these two wakes is 


derived D/|d®| = 2.Jpve, 


where pv is the viscosity and o is the conductivity of the fluid. 

The reduction to a classical boundary-value problem is made for the case of an 
insulating cylinder. 

Exact solutions are obtained for the case of a perfectly conducting or an in- 
sulating flat strip of semi-infinite width. These give a clear picture of the fields, 
especially in the transition region near the edge of the strip. 

The case of a strip of finite width is also discussed with special reference to the 
viscous and the magnetic drags, D, and D,,. We find that D,+ 3D,,, on a perfectly 
conducting strip, is equal to the viscous drag on an insulating strip for which D,, 
is zero. Precise values of these drags are given. 


1. Introduction 

There are only a few cases in magneto-hydrodynamics for which exact treat- 
ments are possible. A typical case is that of the rectilinear fluid flow in pipes 
under the uniform transverse magnetic field. The studies initiated by Hartmann 
(1937) for the flow between two walls have been extended by Shercliff (1953, 
1956) to the case of the flow in a straight pipe. Resler & Sears (1958) studied the 
case of a compressible fluid, neglecting viscosity. Also we should mention the 
work of Bleviss (1958) on the Couette flow between parallel walls. 

As far as the author is aware, problems in which there is an unlimited fluid 
flow outside a rigid cylinder, corresponding to the above cases, have remained 
untouched, except for the oscillating flow (Kakutani 1958) and Rayleigh’s 
problem (Rossow 1957; Chang & Yen 1959) for an infinite flat plate. In a study of 
ayleigh’s problem by the present author it was found that an inhomogeneous 
stationary field remains near the plate after a long period of time. This field has 
a boundary-layer structure in which the velocity goes from the speed of the plate 


* On leave of absence from Kyoto University, Japan. 
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to a definite fraction of the plate speed sufficiently far away. This represents 
residual stationary disturbances from the passage of Alfvén waves along the 
applied magnetic field, and suggests the existence of non-trivial steady solutions 
for the case of the longitudinal motion of a cylinder of finite cross-section, even 
though such solutions do not exist for the case of no magnetic field. In the mag- 
netic case, there will also appear interesting transition regions (B) between the 
regions (C) influenced by Alfvén waves originating at the cylinder and the outer 
regions (A) which may not be influenced directly by these waves for large Hart- 
mann number M (figure 1). We will also derive the viscous and the magnetic 
drags on the cylinder. This is motivated by problems of practical interest, relating 
to the flight of slender bodies in space.* 
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FiGuRE 1. Cross-section of cylinder in a transverse magnetic field. 


In §2, we will write down the fundamental equations and the boundary 
conditions for our problem assuming that the magnetic permeability is the same 
in the fluid and the cylinder. 

In § 3, general characteristics of the problem which allow two‘ wakes’ (C) in the 
positive and the negative directions of the applied field will be discussed. We 
derive a simple formula which relates the drag on the cylinder to the electric 
potential difference between two undisturbed regions (A) outside these wakes 
(figure 1). These two quantities are also related to the strength of the wakes at 
infinity. 

Wealso show that the problem is simplified for the case of an insulating cylinder, 
since it reduces toa well-known boundary-value problem of mathematical physics. 


* Our solutions are also considered to afford limiting fields around a huge annulus 
rotating slowly about its axis of symmetry, which is parallel to the strong applied magnetic 
field. 
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Asan example, the problem for a flat strip is considered in §§ 4 and 5. We confine 
this study to the two cases of (I), insulating, and (I1), perfectly conducting plates. 
In § 4, we reduce our problem to two standard boundary-value problems for the 
Helmholtz equation, and we give precise numerical values for the viscous and the 
magnetic drags on the plate. 

In §5, we give the exact solution of our problem for a strip of semi-infinite 
width. This solution affords a clear picture of the fields, especially in the boundary 
layer on the insulating plate and in the transition regions between the outer 
undisturbed region and the inner core region (which has almost the same velocity 
as the perfectly conducting plate and one-half the velocity of the insulating plate). 
Also we find the circuit of the induced electric current around this core. 

This behaviour is considered to be the limiting behaviour of the field near 
a cylinder of given finite width, at sufficiently large Hartmann number. Some 
consideration is given to this configuration including the case of a thin flat plate 
with finite conductivity. Comparison with the final steady solutions in Rayleigh’s 
problem with magnetic field for an infinite flat plate is made, and there is perfect 
agreement with a magnetic Prandtl number of 1. 


2. Fundamental equations 

We shall use m.k.s. units for the electromagnetic quantities and employ 
conventional notations. Then, the magneto-hydrodynamic equations for a steady 
incompressible fluid are 


(V.V)V = -5Vip+ jy?) + »V2V +“ (HV) H, (2.1) 
v.98, (2.2) 
(V.V)H =«V7H+(H.V)V, « = 1/(xo), (2.3) 
V.H=0, (2.4) 

E =-y7VaH+J/c, (2.5) 

J = VaH, (2.6) 


in a Cartesian coordinate system (, y,z), which is at rest with respect to the fluid 
at infinity. 

Let us consider the steady flow due to the uniform longitudinal motion, with 
velocity W, of an infinitely long cylinder with its generators parallel to the z-axis, 
in the presence of a uniform magnetic field of strength H parallel to the y-axis. 
We assume that the magnetic permeability ~ of the cylinder is the same as that of 
the fluid. The suffix i will be used to denote quantities in the cylinder (so that 
(2.1) and (2.2) should be replaced by v;, = 0, v;, = 0 and v;, = W). 

With similar assumptions to those in Shercliff’s treatment, we have: 

(1) all quantities are independent of z; 

(2) the induced velocity and magnetic fields are parallel to the z-axis, i.e. 
v,=v,=0, H,=0, H, = H, and tend to zero at infinity. Then, (2.1)-(2.4) 
reduce to two-dimensional equations in the 2—-y plane 

P = Pa — WH, (2.7) 
V2w +m/(ch/cy) = 0, (2.8) 
V2h + m(dw/ey) = 0, (2.9) 
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where w=v,/W, h=mH,/(onHW), (2.10) 
m = ./("H?/p)//vK = on |H|// (pve), (2.11) 
V2 = 02/da2 + 02/ay2, (2.12) 


and p,,is the constant fluid pressure at infinity. The electric current density J and 
electric field E are also parallel to the (x, y)-plane 


J = (cuHW/m)j (2.13) 
and EB. = #HW(w+)j,/m), E, = wHW),/m, (2.14) 
where je = Chicy, jy = —ochloz. (2.15) 


Equations (2.8) and (2.9) must be solved with the boundary conditions 


w—>0, h->O at infinity, (2.16) 
w= 1 onthe surface of the cylinder S, (2.17) 
h=h;, chien =(a/o,)ch,/en on8, (2.18) 


where 0/0n is the outward normal derivative on the cylinder, and 
h; = mH,,/(o#HW) (2.19) 


is the magnetic field in the cylinder satisfying the induction equation (Maxwell’s 


equation) Vh, = 0, (2.20) 


derived from (2.9) by putting w = 1 and replacing h by h,. 
The condition (2.18) for h needs some elucidation. On the surface of the cylinder. 
we must satisfy the boundary conditions for the electromagnetic quantities 


H=H, E,=E,,, (2.21) 
where the suffix s denotes the tangential component around S, and 
E,, = wHW+(2H,,|¢y)/o;, Ezy = —(@H;,|@x)/0;. (2.22) 


If we take into account (2.10), (2.19), (2.14), (2.17) and (2.22), we find that (2.21) 
is replaced by (2.18) or 
J, = J;, = 0H,/0s, E;, = J,/o = J,,/0; = (oH,/on)/o, (2.23) 
where E, = E,;-p~pHaw = J,/c; (2.24) 
is the electric field in the co-ordinate system moving with the cylinder. Equation 
(2.23) yields a kind of refraction relation for the electric current 

tan a/tana, = 7/0;. (2.25) 
where x denotes the angle between the current and the normal to S. 

Let us try to eliminate A; from the problem by replacing (2.18) by a single 
condition for h. Let P and P, be two points on s and N(P,; P) be the Green 
function in the Neumann problem for the domain bounded by s. Then 

a 2 
>) Chit ) 


on 


ds. (2.26) 


lf 1 
h(Po) =— h(P)ds+h N(PyF 
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where s is the total length of S and ds is the line element of S at P. In the second 
integral of (2.26) we take the principal value. Also 


} (ch,(P)/en) ds = 0, (2.27) 
S 


because h; is a harmonic function. 
Introducing (2.18) into (2.26) and (2.27) we obtain 


ch 
h(fy) = oo h(P) ds + “i NU N(P,; "3 de (2.28) 
(ch(P)/on) ds = fi 9,ds = 0. (2.29)* 
JS v7 S 
Equation (2.28), in conjunction with (2.29), is the boundary condition to be used 


instead of (2.18) for general values of o;/o 
Taking into account the boundedness of h and ¢ch/dn for finite 7, we can reduce 
the above equations to a more simple form for the following two extreme cases. 
(I) Perfectly conducting cylinder: a; > « 


oh/on = 0 (orj,= 90) onS. (2.30) 


This follows most readily from (2.23) because E’ = 0 in the cylinder. In this case 
the electric current in the fluid at the cylinder is perpendicular to S. 
(II) Insulating cylinder: a; > 0 


h =h;= const. in and on the cylinder (2.31) 


in 


with p (Ah|en) ds = 0. (2.32) 
S ; 

If the cylinder is symmetric with respect to some (x,z)-plane h; is zero (see 

(3.23)). For the general asymmetric case, or if there is more than one cylinder, 

(2.32) seems to be necessary to determine h; uniquely. The result (2-31) is evident 

when we remember that the electric current must be parallel to the cylinder and 

that A is the stream function of j. 


3. General properties of the fields 

Before entering into specific boundary-value problems, we will discuss some 
properties of the solutions of (2-8) and (2-9), satisfying the conditions at infinity 
(2.16). 

Eliminating w or h we obtain 


(V2—mo/ey) (V2 + mo/oy) (w or h) = 9. (3.1) 
which yields w=¢,+¢_., h= -—$,+¢_, (3.2) 
where (V2 me/oy)d. = 9. (3.3) 


* (2.29) may be deduced more fundamentally from VAE= 0, i.e. b E,ds=0, if we use 
(2.14) and (2.17). ‘i 
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Introducing @. = ~, exp(F ky), (3.4) 
where k = 4m, (3.5) 
we get (V2—k?)d, =0. (3.6) 


Equation (3.3) is well known as the Oseen equation (Lamb 1932), which suggests 
the existence of ‘wakes’ of vague parabolic shape along positive and negative 
y-axes at a great distance from the obstacle. This is shown by the general solution 
satisfying (2.16) 


6, = e**” Re > A,,.. K,,(kr) ein 7 i”) (3.7) 
n=0 
= B, Be e-kraFsin®) 4 O((kr)-3) for kr> 1, (3.7) 
“AV 2kr 
with B. = Re > A... (3.8) 


where K,, is the modified Bessel function of order n, and (r,@) are the cylinder 
co-ordinates : ; 
P x=rcos#, y=rsiné. (3.9) 
Notice that r(1 + sin) = const. are the parametric equations for a parabola. 

These wakes represent residual stationary disturbances from the passage of 
Alfvén waves along the +y-axes (9 = +47) in the presence of the combined 
action of viscosity and conductivity of the fluid. In these two ‘wakes’, given by 
(3.7), f v4 f < f aan » li o - k Bd 10 
9,>9_. Or 9, <Q_ according as ky> +0, (3.10) 

¢ ™ ‘ 
so that kuH? = (v/K) $pV?, (3.11) 
i.e. there is a simple relation between the induced magnetic energy and the kinetic 

energy of the fluid, and the electric current flows along the lines w = const. 
We now show asimple relation between the drag per unit length of the cylinder 
and the difference 6® between the electric potential at x = +o anda = —oo (for 
fixed y). Except for a constant, the electric potential ® is a single-valued function 


of position ° 
[®], = - E,ds = 0, (3.12) 
- 


for an arbitrary contour which may go through the cylinder. In particular, 


dD = O(—~, y) — B(x, y) = — lim | : rE,d0 = — lim "rE, dd, (3.13) 


Tr>n0o/0 r—>o /0 
where E, is a tangential component of E along a large circle 2? + y? = r? given by 
E,|/(¢#HW) = —wsin#+j,/m = —wsin6—(ch/er)/m, (3.14) 
according to (2.14) and (2.15). Introducing (3.2) and (3.7), we obtain 


aw =lim | r¢,d0 = TBs. (3.15) 
r>oJ0 c 


Since 6® is single valued, 


Bow 8 = Be. (3.16) 
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On the other hand, the drag D per unit length of the cylinder is obtained by 
integrating the mechanical stress 7,,, and the Maxwell stress 7’, . along an arbitrary 
contour C around the cylinder, i.e. 


D 
pyW “pare (Tn + Tne) ds 


ov, 
= ae . lo a, + HHH, cos in| ds 
= -$ (Ow/en) ds +m $ hdx. (3.17) 
oe Jc 


Choosing as C' the above-mentioned large circle, and making use of (3.2)-(3.7) 
and (3.15)—(3.16), we get 


a9 


D|(pvW) = lim m x r(¢,.+¢_)dO = 4nB. (3.18) 
r—>o J0 
Comparison of (3.15) and (3.18) yields 
eastubs = 2mdO/(nHW) = 4nB, (3.19) 
or D = 2\/(pvo) d® x sgn H. (3.20) 


This is the final result, the relationship between drag and electric potential 
difference. 

Before concluding this section, we add some remarks on the case of the insu- 
lating cylinder. Here, we can simplify the analysis by defining functions F, by 


d. =}(1Fh,) F.. (3.21) 

The functions F’. are solutions of (3.3) with conditions 
F.=1 onS and F,=0 at infinity, (3.22) 
and thus satisfy all conditions except (2.32). This remaining condition is easily 


satisfied by taking h, = (Q.-@_)/(Q..+@_), (3.23) 
where C. « - (oF, |@n) ds. (3.24) 
vg S 


Then the viscous drag per unit length D, = D (there is no magnetic drag in this 
case) is given by 


a 


D|(pyW) = -$ (Gw)en)ds = 2Q,.Q_[(Q,. +2). (3.25) 


In the case of the symmetric configuration mentioned at the end of § 2, in which 
S is symmetric with respect to a generator (as in the case of an elliptic cylinder), 
(3.23) shows that h; is zero because Q, is equal to Q_. Then (3.25) reduces to 


Dj(p»yW) = Q = Q, = @. (3.26) 


Thus, the problem for an insulator has been reduced to a more familiar boun- 
dary-value problem of the type (3.3) and (3.22), (or to (3.27) and (3.28) below), 
and these solutions are easily transferable to our problem. 


5-2 
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For example, we consider the case of the flat plate |2| <a,y = 0. Putting 
}, =4¢ in (3.6) (i.e. h; = 0, FP. = Pexp(ky) in (3.21)), equation (3.3) yields 


T 


a Helmholtz equation for (V2-k)d = 0. (3.21) 


This leads to the same boundary-value problem as in Rayleigh’s problem 
(Hasimoto 1951) for a non-conducting fluid, since 


@ =exp(—ky)=1 for y=0 and |a| <a, (3.28) 
and d = O(e-*") as r>oo. (3.29) 
We will study this case and the case of a perfectly conducting plate at some 


length in the following sections. 


4. Flat plate of finite width: |x| <a, y=0 
Introducing ¢, determined by (3.27)-(3.29), into (3.2) we get 
w = cosh ky, (4.1) 
h= —¢sinhky = —wtanhky, (4.2) 
where we have used the symmetry of ¢ with respect to y = 0 


a(x, y) = A(x, —y), ie. d, = d : (4.3) 


w= (=1 for |z| <a), h=0 (4.4) 
@ = Ow/ey = 0d/ey (=90 for {|2| >a), (4.5) 
je = ch/oy = —kd, j, = —oh/ox = 0. (4.6) 


Equations (4.6), (2.14) and (2.15) show that the electric current density and the 
electric field on both sides of the insulating plate are given by 


J, = —j0nHW = -cE,=cE!, E,=E,=0 (4.7) 


¥ a 
exactly, since w = ¢ = 1 on the plate. The negative sign of oH, represents the 
electromotive action of the plate, and assures the satisfaction of the condition 
(3.12). 
Let us proceed to the case of a perfectly conducting flat plate. We put 


o. = PF W)exp(+ ky), (4.8) 
where (V?—k*)y = 0. (4.9) 


The function y is antisymmetric with respect to y = 0 


(x,y) = —W(a, —y). (4.10) 
Then, from (3.2), 
w = dcosh ky —ysinh ky, (4.11) 
h = —¢@sinhky+y cosh ky. (4.12) 
In particular 
w(x, 0) = A(x, 0), (4.13) 


h(x, 0) = y(x,0) (=0 for |x| >a). (4.14) 
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According to (4.13) we may use the same function ¢ as that in the insulating case. 
Also, on the plane y = 0, 


w@ = Owloy = cd/cy—kyy (=90 for |x| >a), (4.15) 

Jz = Oh[ey = —kh + 0y/ey, (4.16) 

jy = —chiex = —ey[ex (=90 for |2| >a). (4.17) 

Taking into account (2.16), (2.17), (2.30) and (4.17), we get the boundary condi- 
ceeniaad a oyjey=k for |x| <a, y=0 (4.18) 
ue = O(e-*) as r>o. (4.19) 


We have now reduced the two flat-plate problems to two kinds of standard 
boundary-value problems involving the Helmholtz equation for ¢ and y. 

For the sake of simplicity, we shall consider two important quantities from the 
practical point of view, i.e. the skin frictional drag D,(x) and the magnetic drag 
D,,(2) at a point of the plate, denoting by suffixes J and C corresponding quantities 
for the insulating and perfectly conducting cases, respectively. The total drag 
obtained by integrating these drags is intimately related to the induction poten- 
tial difference 6® or wake strength B according to (3.19). 

We obtain from (4.5) and (4.4) 


D, (x)/(pvW) = —20(x, + 0) = —2(ed/ey),_ +9 (4.20) 

and D,,7(x) = 9, (4.21) 
applying (3.17) on the surface element of the plate at x. In the same manner 

Dy (x)|(pyW) = —2(0d/2y),-.9 + myy(x. +0) (4.22) 

and D,,c(x)/(pvW) = —2mip(x, +9) (4.23) 


from (4.15) and (4.14). The drag D,,,(x) is simply the force acting on the electric 

current h(x, + 0)—A(a, —0) in the perfectly conducting plate. Equations (4.20)— 
(4.23) afford an exact relation between the two cases 

Dyj(x) = Dele) +3Dyc(v) or D(x) = De(x)— sD yel@). (4.24) 

The solutions of our two plate problems have been discussed by many authors 


in many branches of mathematical physics. The following expansion formulae for 
small and large values of MW are obtained from their work 





0, I D, M? = I ) M4 | ] : 
20S +U) = SzZa— - 508 Z 
Cy cacieaaaidid, sina|27pyvW 16 (1- 2} © ” 256 | 30) ene 
I = M6 ((Q 13° 11 I aos 
+ (54-3503) °°8 4) + z008 | (8 * eat 160 req) ©8 22 
I La I 1 ici e - 
407 550) cos 4% — 9607 1 “y costa +O(M ) , (4.25) 
D, Vu 3 Me 299 3 
aa: ») _ ae 7 4 n my } 
pvW = 2nlo() i6) ioaa (+ 4022 202) 49152 12Q 202) * sical 
(4.26) 
4 _ r / 
= 2M+2-—[K,,(M)-— K,,.(M)]+ Ole”), (4.26’) 
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M [ 2Dac ae Le 
= : rene ¢ <n m _" ‘ ( 5 ~ On — 1] ’ 
y(acos a, +0) tana sare Cos 24 + +5 {(£22 + %) cos 2a — 3/5 cos 4a} 
M4 - , 
~ ORE {(Q? + 42.0 + 24) cos 2a — ($2 + 13)) cos 4a + 33, cos 6a} + oun, 
(4.27) 
Dao _,,{M? Me, Me a , 
7 = 2 _ +#)+ 2430455 M’)|. 28 
mW Tn gg (At Dt Fay (O24 104%) + OM ] (4.28) 
- 4M —44°[Ky(M) + Kyo(M)]-+ O(c), (4.28" 
7 
where M = ma = 2ka = J/{o|(pv)} w |H| a, (4.29) 
Q = —y-—log(M/8), y = 0-5772...(Euler’s const.), (4.30) 
oie ee eS 
K (MM) = a K(x) da fam (1 aut THWVE mf (4.31) 
K yo(M) = A Ko(x)dx = M[K,(M)-K,(J0)| 
. . ow. 3%. os 
Ja (-s97* pam ). 6-38) 


We have used a result by Hasimoto (1951) for (4.25), and transformed Levine's 
result (1957) for Rayleigh’s problem into the convenient form (4.26’), where the 
first two terms have been obtained by Howarth (1950) and by the author 
(Hasimoto 1951). Equation (4.27) has been calculated by use of the integro- 
differential equation 


oy e) ae Cae , as 
y == (=; _ i) | K(k |x —29|) W(x) day = k, (4.33) 


\ oy y=0 . a 


or an integral equation 


| "K(k |x — aol) Wao) dity = — (a7/k) (1 — A cosh kx) (4.34) 


v7-a 
for (x, 0) and an unknown constant A subject to the condition 
y(t+a,0) = 0, (4.35) 


which is found to be essentially the same as that discussed in diffraction theory 
(Bowkamp 1954). Equation (4.28’) was derived by use of Levine’s technique 
(1957), initially applied to (4.26’), although the first two terms of (4.26’) can be 
easily determined from the results in the next section, where we also give the 
form of (0¢/éy),,_. and yy(x, 0) for large M. Table 1 and figure 2 give the numerical 
values of D, and D,, calculated by these formulae. 

We notice the following points. 

(1) The matching of the two types of approximate formulae, especially for D;. 
is good for intermediate values of M. 

(2) Dp; > Dye, but 


m 


D, = Dy, < (Dp + Duo = De. (4.36) 
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0 
FIGURE 2. Total drag for the finite plate. 
Perfect conductor Insulator 
HY a D/(pvW) 
D,/(pvW) D,,/(pvW) D/(pyW) ——————"——_r 
paca tenets, (phicmaaomnianiily 4 A , Eqs. (4.26), (4.26’) 
Eqs. (4.28), (4.28’) 
0-01 0-940 0-:00016 0-940 0-940 
0-05 1-395 0-00390 1-399 1-397 
0-1 1-64 0:0167 1-66 1-65 
0-2 1-98 0-062 2-04 2-01 
0-4 2-45 0-24 2-69 2-57 
0-6 2-79 0-5¢ 3°32 3°05 
0-8 3°04 0-91 3°96 3°50 - 
1-0 3:24 1-38 4-62 3°93 3°93 
1-2 3°39 3°3; 1-9, 2-0, 5°30 5-3; 4°35 4-35 
1-4 3-5, 3-4, 2-5, 2-5, 6-0, 6-0, 4:76 4:76 
1-6 3-5, 3-6, 3-1, 3-1, 6-7, 6-7, 5:17 517 
1-8 3-6, 3:6, 3-8, 3-7, 7:55 7-4, 558 5:58 
2-0 3-6, 3-7, 4-4, 8-2, 5:99 5:99 
2-4 3°84 5-89 9-74 6-79 
2-8 3:90 7:39 11-29 7-60 
3-0 3-92 8-15 12-07 8-00 
3-2 3°95 8-92 12-86 8-39 
3°6 -- 3-96 10-48 14-44 9-20 
4-0) — 3-97 12-05 16-03 10-00 


TABLE 1. 


The total drag for a finite plate. 
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(3) For small M, D,,, is small since it is O(M?). In fact 





























Diol (pvW) = 4nM?+0(M4) (4.37) 
and, indeed, is so small that D,; and D, are given by the same formula 
D, = De = 2n/Q+0(M?). (4.38) 
| 
Vi= 10 
50 — 
Bis M=0 ==] 
01 
r 1-0 
a a 
lar! 50 
10-0 
0 | it = 1 
i 0 





FIGURE 3. 
distribution on the plate. 


Non-dimensional vorticity 
, Insula- 
tor. AW: --—, M=1; —- 

M =; ----M= 10; 


FIGURE 4. 
perfectly conducting plate. 


ra 


Electric current in the 


This is explained by the fact that the current in the plate is so small that its effect 


on the field in the fluid is negligible.* 


(4) For large WM (e.g. M > 3), the following formulae give good approximations 


D,|(pvW) = 2M +2, 
Dye|(pvW) = 4, 


Dnco|(pyW) = 4M —4. 


(4.39) 
(4.40) 


Figures 3 and 4 show, respectively, the vorticity w on the plate and the electric 


current J;(2) in the perfectly conducting plate. 


* We can easily show that (4.38) is valid for an arbitrary shape of cylinder cross-section 
and arbitrary ratio of 7,/o, if we take as $a the electrostatic capacity c of this shape. The 
analogous results have been derived for Rayleigh’s problem in non-conducting fluids, by 
Batchelor (1954) and by the author (1954). We note that ¢, and ¢_ are given by 


24. = 1—} log (ZZ)/[—y —log (\me)]+ O(kr), 
for small values of kr, where the domain outside of the cylinder is conformally mapped onto 
the region outside the unit circle ZZ = 1 in the complex Z-plane, by use of the mapping 


function x 
r+ Ly = (2 -+- D> C.2 f ). 
n=1 


Then, (3.2) and (3.17) vield (4.38). 
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5. Flat plate of semi-infinite width 

Let us consider the case of a flat plate of semi-infinite width at greater length, 
inasmuch as this case has simple exact solutions and affords an approximate, but 
clear, picture of the field for the finite plate at large M. 

For convenience, we introduce the parabolic co-ordinates (£, 7) 

kan = £?-7n?, ky =2éy, -coco<&<co (n> 0), ( 

so that ker = £*+-97, (5.2) 
as suggested by Lamb’s study (1932) of the sound diffraction problem. The 
coordinate 7 vanishes on the plate (0 < x < «, y = 0) and the coordinate € has 
opposite signs on the two opposite sides of the axis of x, and is zero on the negative 
z-axis (figure 5). 











I 


H 


FiGguRE 5. Parabolic co-ordinates. 


Then (3.3) is transformed to 





c C C 
conn tics FE }o. =0 (5.3) 
( £3 cH of ae ] . 
which is satisfied by 
f Y om FF 
p. = E,(n + §), (5.4) 
where E, is the complementary error function 
? foc 
E,(¢) = erfe¢ = 1—erf¢ = e*" de. (5.5) 
ae 
Vee 


We can construct from (5.4) two solutions of the Helmholtz equations which are 
symmetric and antisymmetric with respect to y = 0, taking into account (3.4), 
(3.6) and (5.1): p 


2 aA 


| = sfelv By(n + £) 4 Ey(y 2) (5.6) 


y) 
, 
J 
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Fortunately, these satisfy all the conditions required for ¢ and y in the previous 
section, if, by considering the infinite extent of the plate, we replace |z| < a by 
0<x<mandr>o by 7 > = in (3.29) or (4.19). We can easily establish this 
solution by taking into account the symmetry of F,(7 —&) and E,(y + &), and the 
results 
































Ficure 6. Field for the insulating semi-infinite plate. 
----, w=const.; —, h = const. 


Let us proceed to the discussion of the exact solutions constructed in this way 
for the two extreme cases. 
5.1. The insulating plate 


From (4.1), (4.2) and (5.6) we get 


w\ _ 1feoshky| 
2 |si 


ms * eer sinh ky | [ey E(y +£) +6 ky E(y — &)]. (5.10) 


Figure 6 shows the distribution of the isovels (w = const.) and electric current 
lines A = const. We have only to consider the positive y-plane since w is symmetric 
and A is antisymmetric with respect to y = 0. 
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From this analysis, the interesting points are as follows. 
(1) There is a boundary layer on the plate, as shown by 


d(e-™v + 1) (5.11) 


for fixed positive values of y. It is interesting that the values of w and —h tend 
to 4 in a wide region outside this boundary layer. 

(2) There is a transition region of vague parabolic shape for large ky between 
the above-mentioned region (core) and the undisturbed region represented by 
y -> ©. This also is shown by (5.8) and 


w= -h>¢, =}42£,(0)+O(1/V(kr)) as £9020, (5.12) 
where C= 9-8 y= HllelO?—(C/k)*). (5.13) 
We note that the current lines coincide with isovels for large ky, where (3.10) is 
valid. On the line x = 0 (€ = 7), we get 


w | 
—hj 


The value } is the mean of their values; } in the core, and zero in the undisturbed 
region. This region is rather narrow compared with the width of our plate and is 
shifted outward to the undisturbed region for moderate values of ky. We might 
call this region a shear layer. 

(3) For HW < 0, the main part of the electric current comes from ky = «, 
along isovels in the shear layer, and go into the other isovels in the plate boundary 
layer parallel to the plate for large kx. For HW > 0, this direction is reversed. 

(4) In the vicinity of the edge, isovels take parabolic shapes given by 


] 
= (lie) [L+em E,(2 /(ky))] ~ 4 +0(T5)- (5.14) 
N 


l—w ~ 2y],/7. (5.15) 
Here, the electric current lines are almost parallel to the plate 
h~ —ky, (5.16) 
corresponding to (4.6), (4.7) and (5.11). 


5.2. The perfectly conducting plate 
Introducing (5.6) into (4.11) and (4.12) we get simple expressions 
w | 
—hf 


This equation could have been constructed from (5.4) directly. Figure 7 shows the 
field in this case. We can notice the symmetry between w and 1 — |h| with respect 


to the y-axis w(x, y) + |h(—2,y)| = 1, (5.18) 


= 4 [ E,(y —§) + E,(y + §)]. (5.17) 


derived from (5.17), (5.7) and (5.1). 

We may remark that: 

(1) There is no boundary layer on the plate except near the edge kx < 1, and 
the fluid is moving with almost the same speed as the plate for a wide core region, 
as shown by lim w ~ —limh =1 for fixed 7. (5.19) 


fi»o f—> x 
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(2) The strengths of the vorticity and the current in the shear layer have values 
twice those of the insulating case, and the shear layer is more distinct than that 
case. This is shown by (5-8) and 


w~ -h~tE(C) for £,97>1. (5.20) 


In the distinct centre of this layer (x = 0) w and —h have values which are the 
mean of their values in the core and their values in the undisturbed region, i.e. 4 
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FiGuRE 7. Field for the perfectly conducting semi-infinite plate. 


-, w= const.;: 5 As const. 


(3) The electric current from the shear layer enters the plate perpendicularly, 
almost at the edge of the plate, and flows in the plate to kx = +00, if HW is 
negative. This electric current and the induced magnetic field on the plate are 
given by 

' {k/(72x)} exp (— ka), a as (5.21) 
for y= +09. 
-h = 1—E,(&) = erf (/(kx)). (5.22) 
Equations (2.13), (2.15) and (5.22) show that the total electric current J; in the 
plate is given by 


R A (ounHW) = m[h(x, +0)—h(x, —0)] = —(2/m) erf vka (5.23) 


which grows from zero at x = 0 to 2/(pvo) W at kx = oo gathering all the electric 
currents from the fluid (for HW < 0) (figure 4). ,/(pvo) W is equal to the total 
current in the upper shear layer m-onwHW{h.. _,,)—hi-..)]- 
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(4) In the vicinity of the edge, isovels and current lines form orthogonal 


arabolic nets a a 
parabol l—-w~ 2y/Jn, h~ —2E),/7, (5.24) 


which should be compared with (5.15) and (5.16). 


6. Discussion for the cylinder of finite width at large Hartmann number 

The quantities on the plate y = 0 derived from the previous section are simple 
expressions and are useful in the rest of the paper. They are given in table 2, 
wherein the lower sign of = denotes the value for y = — 0 (the under side of the 
plate). The following notation is also used in Table 2. 








f° 20 
E,=| E,dé, £= y(klal), 
l ; lj/~m for §=0 
E, an € fk, = | le i fs (6.1) 
4/77 (ge*"/(/ (7) €?) for €>1, 
oe (1 for &=0, 
Ey = {Hy — 384, es : r2 : £3 
(ge*"/(y (77) §°) 
(1) Insulator (II) Perfect conductor 
r<0 > © £<9 xr>od 
u Ey 1 Ey 1 
h 0 0 0 = (1—£,) 
w 0 F (k+(k/x) E,) 0 F /{k/(712)} ek 
fe —kE, —k —J/(k/|mx)) ek? 0 
j. 0 0 0 =a 
E,/(uHwW) LE, 4 Ey+Jz,/m 1 
E,|/(uHW) 0 0 0 —w/m 
®-—®(—0,0) 1 l ee ieee 
{ = ) (2E,—E,)<0 ——(l+maz) —(4E,—E,)< 0 —2x 
phAW m ‘ 2m m 
Dy,/(pvW) 0 1+mx—4E, 0 2-2E, 
Dnz/(pvW) 0 0 0 2mx—2—(8E, —4E,) 


TABLE 2. Quantities on the semi-infinite plate. 


Equations (6.1)-(6.3) are tabulated in the book of Carslaw & Jaeger (1947). 

D,, is the total frictional drag on the plate between o and z, and D,,, is the corre- 

sponding magnetic drag ai 

Dj, = —2pvW | wdx, (6.2) 
/0 


x 
D..=- 2mprW | hdx. (6.3) 
0 

Except for ® and D we can separate the quantities on the plate into two terms: 
one which is constant everywhere (e.g. k in the w term) and the other which is 
significant only at the edge and tends to zero rapidly as kx > 00 (e.g. 4/(k/a) E,, in 
the w term). If we limit our plate by another edge at x = 2a, and superpose the 
contribution due to this edge, we may obtain a picture of the field near the plate of 
finite width 2a at large Hartmann number M = ma. In the quantities D and ®, 
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the integrals of w, h and E,, the contributions due to an edge appear as constants. 
For example, the total frictional drag and the total magnetic drag for the finite 
plateare =. DD, ,|(pvW) ~ 2M+14+1=2M+2, Dy, =0 (6.4) 
in the case of an insulator, and 
Dye] (pvW) ~ 24+2=4, Drye/(pyW) = 4M—-2-2=4M—-4 (6.5) 
for a perfect conductor, where we have added to D, ,, etc., as they appear in the 
table, the contributions due to the presence of another edge. We have neglected 
also small terms like #,. Equations (6.4) and (6.5) are identical with (4.39) and 
(4.40). We can also show the validity of (3.20), (4.7), (4.24), ete., by the general 
theory, using Table 2 and the above argument for the edge correction. For 
example 6®,/(uHW) =a+1/m = D,/(2mpvW), (6.6) 
60,/(#HW) = 2a = Do|/(2mpvW) (6.6') 
(compare this with (3.20)). 

From these results and the results of the previous sections we may easily build 
up a picture of the field at large but finite 1. In the following, we proceed to 
show that our picture is applicable generally to the field around a cylinder 
(|x| < a, f_(x) < y < f,(x) f(x) = O(a)) at extremely large M = ma, if we are not 
concerned with the fine structure of the field (e.g. at an edge x = aon S). We may 
suppose, according to (2.11) that the fluid has low viscosity and high conductivity 
and that the applied field is strong. We also assume HW to be negative for 


m 


convenience, 

6.1. Perfectly conducting cylinder 
In this case the cylinder carries magnetic lines of force frozen in it corre- 
sponding to the induction current in the x-direction accompanying its motion. 
This movement of magnetic lines will drag the fluid in the region |x| < a,y < 0, 
(i.e. the core) with the same velocity as the cylinder, since the fluid is highly 
conducting. Then, putting m = 00 in (2.14), we find that the electric field in this 


7 


region is EZ, = “HW, E, = 0. Taking into account (3.13) and the fact that E = 0 
in the undisturbed region |x| > a, we find that (6.6’) is valid in our general case. 
The viscous drag is also negligible. 

We may note that this picture is perfectly consistent with the fundamental 
equations and boundary conditions (2.8), (2.9) and (2.30) in the limit of m — «, 
except for the conditions at y = 00 and |x| =a. By adding to this picture 
wakes ((3.7'), (3.15) and (3.16)) for yoo, and shear layers of thickness 
O((ky)/k) = O(,/(y/m)) (see (5.20)) due to the presence of the viscosity and the 
finite conductivity, we can satisfy all the conditions required. Taking into account 
(3.2), (3.10) and w = 1, valid in the core, we find that # = 1 in the upper core. 
According to this result, the electric current in the core is negligibly small com- 
pared with the current in the cylinder starting from an edge at x = —a and goes 
into the other edge at x = a, owing to the assumption o,/o0 = 00. We find that this 
current forms a closed circuit around the core. This circuit consists of the cylinder 
(playing the role of a motor with terminals at x = +a), shear layers (across which 
h jumps from 0 to F 1) and wakes at infinity (where current lines coincide with 
isovels elongated in the direction of the applied field). 
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6.2. Insulating cylinder 


In this case there is no induction current in the cylinder itself. However, the 
electric current is induced in the fluid dragged by the cylinder through viscosity 
and confined in |a| < a due tothestrong magnetic 
field. This current will form surface currents of 
thickness O(1/[m cos (n, y)]) (Shercliff 1953) from 
x= —atox =a (figure 8). This surface current ¢.=+4 
will retard the velocity of the fluid and will yield 
a boundary layer in which the velocity changes (7 77S 
from the speed of the cylinder to a core speed 
which is a definite fraction of the cylinder speed. 
The field near the edge |x| < a will be compli- 
cated in general, on account of the interaction O 
of the boundary layer and shear layer, and will $=} 
be inflated a little outwards. The general features 
of the field will be the same as those in the case , Se 
: FicurE 8. Field near the insula- 

of a perfect conductor (or the case of a plate in ting cylinder for extremely 
§§5 and 6), if we consider the boundary-current large M. 
layer to be included in the cylinder. 

We may show that these features are consistent with the fundamental equa- 
tions as m — 0, if we take as the quantities in the core 


O 














—_ 











w=}, h= Fh, (6.7) 


which yield also (6.6), if we neglect small terms o(ma) and take into account 
(2.14) and (3.13). It is convenient to start from (3.3) and (3.22). Letting m > , 
we get : 
¢,=4(1-h,) for o>y2>f_(x) and |a| <a, (6.8) 

=0 for y=o, or |t|>a or y<f_(z) (6.8’) 


(approximation of geometrical optics). The field given by (6.7) (the field in the 
upper core region and on the cylinder) is connected with the outside undisturbed 
region given by (6.7) through the wake, the shear layers, and a boundary layer 
¢, = 4(1—h,) exp[— man |cos (n, y)|] on the lower surface of the cylinder (figure 8). 
A similar solution is obtained for ¢_ and yields, with ¢.,, (6.7). By taking a rect- 
angular circuit around the cylinder in equation (3.12), we find that h; is o(ma). 


6.3. A plate of small thickness 2b (kb < 1) and finite conductivity 
The fields in the core obtained so far seem to be independent of the finite width 
of the cylinder. The dependency on the finite conductivity is also not clear. As an 
illustration, we consider the region of the plate far from the edge, where every 
quantity will be independent of x. In this case N(P,; P) of (2.26) is given approxi- 


mately by 
N(P); P) ~ — 48(ep—%) | yp—Yol- (6.9) 


Then h(Py) = +(0,5/c) (Ch/ey)p,, (6.10) 
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approximately, where the first integrals in (2.28) and (2.29) vanish by symmetry, 
“quation (6.10) can also be obtained from (2.18) and (2.20) by assuming a uniform 
current, i.e. constant 0h,/dy, in the plate and putting h,(P,) equal to b(ch;/Cy). We 
find that (4.11)—(4.17) and (4.24) are also valid in this case. 
According to table 2, (6.10) is satisfied for large kx by taking a weighted mean 
fl and II (c 
. (c) (l+f)h=h,+fhy, (+fP)w=uv,+feyz, (6.11) 
where fp =a0;,kb/o, (6.12) 
if we put the x-axis on the upper surface of the plate. Then, 


ee = x i [l+2f6+e°™] (mr->-ax. y > 0). (6.13) 
which gives for the fields in the core 

Weore = —NAcore = $(1 + 2f)/(1 +A). (6.14) 
Our perfectly conducting infinitely thin plate is the limiting case in which 6 is very 
small but o;/o is extremely large (figure 9). 


i 





ees N Ll 
0 20 
B=(e; a) kb 





FicurE 9. Core velocity weore vs (F;/o7) kb. 


Let us compare these solutions with the corresponding final stationary solu- 
tions in Rayleigh’s problem for an infinite flat plate 


Gw = 14+284+,/(k/v)e"™, 9—GA(v/k)h = 14+2B—e-™ (6.15) 


where G=14+/(k/v)+28, (y > 9). (6.16) 
We find that: 

(1) In general, the two results do not coincide with each other, although they 
do not contain the width of the plate explicitly. This discrepancy should be 
reduced to the existence of shear layers in our problem. These layers originate at 
the edges of the plate and yield finite jumps of field quantities. In the case of 
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Rayleigh’s problem we have no such edges in space, although the time ¢ = 0 
might play the same role. 

(2) It is a remarkable fact that these two results coincide, if the magnetic 
Prandtl number is 1, i.e. if y = x. This is the case in which equipartition of the 
induced magnetic energy and the kinetic energy of the fluid is attained far from 
the plate (see (3.11)). This is the same feature as that of the wave of finite ampli- 
tude in the non-viscous and perfectly conducting fluid (Walén 1942). 


In conclusion the author expresses his cordial thanks to Prof. F. H. Clauser and 
Prof. L. S. G. Kovasznay for their useful suggestions and encouragement, and 
also to Prof. R. R. Long for his kind help in the revision of the manuscript. The 
author has been supported by the International Cooperation Administration 
under the visiting research programme administered by the National Academy 
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On the motion of a non-conducting body through a 
perfectly conducting fluid 
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Department of Mathematics, Durham University, Durham 
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The motion of bodies in a direction parallel to an applied magnetic field and 
through a perfectly conducting fluid is considered. It is shown that the per- 
turbation in the state of the fluid cannot remain small except in the particular 
case when the velocity U of the body is much smaller than that of the Alfvén 
waves in the fluid. In this case, however, the perturbation is not confined to the 
neighbourhood of the body, and extends to infinity inside planes which touch the 
body and are parallel to the undisturbed magnetic field. In addition the body 
experiences a drag. 


1. Introduction 


In a previous paper (Stewartson 1956) the motion of a sphere through a con- 
ducting fluid in the presence of a strong magnetic field was considered, attention 
being focused on the ultimate flow pattern assuming that it is steady. It was found 
that the magnetic field is completely undisturbed but that the velocity field is 
cylindrical, being independent of the co-ordinate in the direction of the magnetic 
field. Further, the cylinder C circumscribing the sphere and having its generators 
parallel to the magnetic field separates two regions with different flow properties: 
for example, inside C the fluid moves with the sphere as if solid. 

The chief assumptions in this theory are that the sphere is a perfect conductor, 
that the fluid velocity is small compared with the Alfvén velocity and that the 
magnetic Reynolds number is small. In particular the theory could not apply 
to a perfectly conducting fluid. The reason for this limitation is that if both the 
body and the fluid are perfect conductors there is nothing to prevent the build-up 
of current in the fluid until the magnetic field is seriously perturbed; accordingly, 
the implicit assumption of small disturbances in the magnetic field is invalidated. 

If, however, the body is a non-conductor no such difficulty arises for it radiates 
Alfvén waves into the fluid which serve to control the build-up of current and, 
in all probability, to keep the disturbances small. It is possible therefore to apply 
the general method developed earlier to these problems, which are of interest 
at the present time. 

In the present paper we shall make a start on this programme concentrating 
attention solely on two-dimensional flows in an aligned magnetic field, i.e. the 
direction of motion of the body relative to the fluid at infinity is parallel to the 
magnetic field at infinity. First, in §2 the equations of motion of a perfectly 


conducting fluid are reduced to a single equation for the stream function 
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of the motion but which contains two arbitrary functions of yy. If these functions 
are constants, y satisfies Laplace’s equation and a theory of thin aerofoils based 
on this equation has been developed by Sears & Resler (1959). This theory is 
discussed in the light of the present work in § 7. 

In §3 the boundary conditions are set out, particular attention being paid to 
the circumstances in which it is legitimate to require continuity of the tangential 
component of the magnetic field across the surface of the body. The general 
unsteady motion of the fluid around a thin aerofoil is analysed in §4 on the 
assumption that the disturbances are small. It is shown that if ultimately the 
flow becomes steady and the perturbations from the undisturbed state are small, 
the effect of the body on the fluid is non-vanishing at infinity in general. How- 
ever, on applying the general properties of the ultimate steady flow to determine 
the flow pattern round a thin aerofoil a contradiction is found because the 
magnetic field inside the body is seriously affected and with it the velocity field 
ahead and behind the body. Accordingly, we must conclude that the perturbations 
if ultimately steady cannot have remained small. There remains, however, one 
special case, that of a strong magnetic field in which the fluid velocity is in general 
much smaller than the Alfvén velocity. It turns out that the small perturbation 
theory can be applied here without contradiction because the fluid velocity and 
not merely its perturbation component may be assumed small. In § 6 this problem 
is considered and a full solution obtained for a circular cylinder; other bodies, 
including thin aerofoils, may be treated if desired. It is concluded that the 
magnetic field is only slightly disturbed except at two points, but that the 
magnetic field at infinity is no longer uniform. Further, the fluid inside the 
planes, which touch the cylinder and are parallel to the undisturbed magnetic 
field, moves with the cylinder as if solid; the fluid outside them is at rest. It is 
noted that many of the features of the motions described earlier (Stewartson 
1956) are repeated here: the differences may be ascribed to the finite conductivity 
of the fluid in the earlier problem. 


2. Equations of motion 
The equations governing the motion of an incompressible fluid of density p, 
permeability unity, electrical conductivity and kinematic viscosity v are 


div q = 0, (2.1) 
A | | 
4 _ gacurlq = ~ grad (“+ 4a?) + (curl Ha H) + vV?q. (2.2) 
ot p ° J] 4p 
oH re a4 
as — curl (qaH) = pis H, (2.3) 


where q is the velocity of the fluid, H the magnetic field and p the pressure. The 
units are Gaussian. In these equations it is assumed that the effects of the flow of 
charged particles and of the temporal variation of the displacement vector on the 
current are negligible. Once the initial uniform magnetic field has been set up, 
these assumptions can be justified in the types of flow considered here. 
Consider the particular case of the steady two-dimensional flow of a perfectly 
conducting inviscid fluid. If, in addition, the velocity of the fluid and the 
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magnetic field are parallel at infinity, equations (2.1)-(2.3) may be formally 
simplified. For, using an orthogonal Cartesian triad Oxyz as frame of reference 
and taking q, H to be parallel to the plane z = 0, we may write, from (2.1), 
a I, 
oe, nel (2.4) 


wz, V=e—< 
cy Cx 


where q = (u,v, 0) and yf is a stream function. Then from (2.3), since 7 = 0, 
qgaH = Ak, 


where k is a unit vector parallel to the z-axis and A is a constant scalar. Further, 
since q is parallel to H at infinity, A = 0, whence 


H = aq. (2.5) 
Here « is a scalar function of position, which may be shown to be a function of 


yy only by the use of the equation div H = 0. On substituting into (2.2) and setting 
v = 0, we obtain 


—qacurlq = — grad IP. 4qel +2) cay) curlq—2'(y) qagrad y}aq. 
\p |} 47p 
aes | = a? 2,1, oa! | e Wate 'p 2 
i.e. (2 ro Uy in” jarad yy = grad(” +3q ). 
a? an’ ; : 
8 ‘ — 2 = orad yy)? fr), 2.6 
o that l oe Vy me ys)? + B(W) (2.6) 


where /(1), like «(y), is an arbitrary function of yy which must be determined 
before (2.6) can be solved for yy. 

Suppose now that at infinity upstream the velocity is uniform with com- 
ponents (U, 0,0) and that the magnetic field is uniform with components (H,,, 0, 9). 
ann aly) = H,|U, Boy) =9. (2.7) 
since yy > Uy as x + 00, and hence 

Vr = 0 (2.8) 


on all streamlines starting from an infinite distance upstream. Then if we can 
be sure that no streamline in the flow is closed and that none starts and ends at 
an infinite distance downstream, we may conclude that the motion of the fluid 
is exactly the same as when the magnetic field is absent and that the magnetic 
lines of force coincide with the streamlines. In addition as may be seen from the 
next section, the boundary conditions on a fixed solid body, consisting of non- 
magnetic insulating material, are all satisfied because the magnetic field is 
tangential to it on its surface. 

However, we have no guarantee that in any steady motion which can be set 
up from rest «(y) must be constant, nor can we be sure that every streamline in 
the flow field starts from an infinite distance upstream. If the fluid is set into 
motion with constant velocity (U,0,0) at infinity and moves past a fixed ob- 
stacle, the velocity field at ¢ = 0+ will certainly be irrotational. If in addition 
a uniform magnetic field (H,,,0,0) has been applied, at infinity the magnetic 














ly 


er, 


ng 








Motion of a non-conducting body 85 


field will still be uniform at t = 0+. Hence, curl (qaH) + 0 at ¢ = 0+ so that 
H must begin to change. Part of this change is accounted for by the convection 
of the magnetic field by the fluid and part by the Alfvén waves set up to ensure 
that the new magnetic field satisfies the boundary conditions at the body. These 
waves start at the body and move relative to the fluid with a velocity 
|H| 
(4p) 

Accordingly downstream of the body these waves can be expected to reach infinity 
where, unless their strength has declined to infinitesimal proportions, they will 
modify the flow and disturb the values of «, # assumed in (2.7). It is conceivable, 
for example, that they could cause a reversed flow behind the body. A similar 
argument holds upstream of the body except that the absolute velocity of the 
Alfvén waves is reduced, since they are being propagated against the direction 
of motion of the fluid. If, however, 


(2.9) 


<> (2.10) 


(4p) 
we can expect them to reach infinity upstream and again they may distort the 
values of a, # leading to a rotational motion of the fluid everywhere. On the 
other hand, if H 

| ee (2.11) 

(47p)} 
Alfvén waves can only penetrate to infinity upstream by a more indirect process, 
since in the region where the flow is almost undisturbed their relative velocity is 
too small to permit any penetration in the upstream direction. Hence at any 
stage the velocity field ahead of the furthest point hitherto reached by the 
Alfvén wave must have been seriously weakened by the presence of the body 
before the waves can penetrate further. This requirement seems to be too strin- 
gent and it appears reasonable to conjecture that, on the streamlines which come 
from infinity upstream, (2.8) holds with (2.11). These streamlines need not cover 
the whole region outside the body, however, and the possibility of closed stream- 
lines near the forward stagnation point and of reversed flow behind the body 
cannot be excluded. 

In view of the doubts which have been expressed about the validity of using 
(2.8) to describe the whole field of flow, it is worth discussing in a particular case 
the way in which the motion develops as ¢ increases and the ultimate motion 
which is produced as t +00. Before doing this, however, we shall discuss the 
appropriate boundary conditions which are not all immediately obvious. 


3. Boundary conditions 

We consider the problem of a fixed body in a perfectly conducting inviscid 
fluid which at time ¢ = 0 is given a velocity U at infinity in the direction of x 
increasing. At the same or earlier time a magnetic field of magnitude H.,, is 
imposed in the same direction. The following boundary conditions can be written 
down at once. First, at ¢ = 0+ the velocity field is the irrotational field which 
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would be appropriate to this problem if there were no magnetic field. The 
magnetic field is still uniform and of magnitude H,, at t = 0+. Secondly, at an 
infinite distance from the body 


q—>(U,0,0), H—(H,,0,0) (3.1) 


at any finite time ¢, since all disturbances start from the body. This does not 
imply that (3.1) holds at an infinite time. 

In order to ascertain the correct boundary conditions at the body some care 
is needed. We shall suppose that the body is composed of a non-magnetic, non- 
conducting material so that it is not a source of magnetic field and in it o = 0. 
Two conditions at the surface of the body, namely, that the normal components 
of the magnetic field and of the velocity must be continuous and zero, respec- 
tively, are clear either from the equation of continuity or on physical grounds. 
If the normal component of the magnetic field vanishes on the body then there 
is no restriction on the tangential components of the magnetic field, the reason 
being that surface currents cannot be dispersed. In general, however, we cannot 
assume that the normal component of the magnetic field is zero at the body and 
we shall obtain the conditions on the tangential components when it does not 
vanish. 

If the boundary of a perfectly conducting fluid is free it has already been 
shown (Stewartson 1957) that the tangential component of the magnetic field 
must be continuous. An initial forced discontinuity is immediately dispersed, 
travelling into the fluid as an Alfvén wave. This result was proved by considering 
an inviscid fluid of large but finite conductivity o and proceeding to the limit 
ao -> «©. There was no need to assume that the fluid had a small coefficient of 
kinematic viscosity v and to allow v + 0 independently because viscous effects 
in this problem are of the second order. The reason is that the adjustment of the 
velocity field to preserve a continuous tangential component of stress at the 
boundary is vanishingly small as vy > 0. At a solid boundary, however, viscous 
effects may matter because the appropriate condition is that q = 0 at the boun- 
dary. Hence as vy - 0a boundary layer in q must develop which may have serious 
effects on the magnetic field. The mutual effects of the velocity and magnetic 
fields can be determined from the following problem of steady motion. 

A fluid of conductivity o and kinematic viscosity v is in contact with a fixed 
solid insulator along the plane 2 = 0. In the solid, which occupies the region 
x <0, the magnetic field is (H,.H_,0) and in the fluid the magnetic field is 
(Hy, h, 0) and the velocity field is (0,7, 0). In the fluid at large distances from the 
solid v > U, h + H,. The motion is one-dimensional so that v, 2 are functions of 
x only; all other quantities being constant. The equations governing the motion 
of the fluid, (2.1)—(2.3). then reduce to 


ov 1 eh H, ch 02 
-H,~ = ——, =P, (3.2) 
cx 470 cx" 4771p Cx ox" 
The appropriate boundary conditions are that 
v>U, h>H, as r>0+,) 
(3.3) 


v=0, h=H_ as r>0, J 
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since for a fluid of finite conductivity all components of the magnetic field are 
continuous at its boundary. The solution of (3.2) subject to (3.3) is 


h = H, +(H_—H,)exp|— Hy2( =) ; 
| pv I (3.4) 
EE. a \}) Ks 
ia 4n(pvo)? f exp| —Hox(~) IF | 
Hence U = a.— = (3.5) 
4n(pvo)? 


and is not arbitrary. Now if we let v > 0, 0 > o to obtain a perfectly conducting 
inviscid fluid it follows that 


h=H. v=0 if xr<0: 
h=H,, v=(H,.—H_)/4n(pvo)t if x > 0. 


a magnetohydrodynamic boundary layer of a particularly simple kind being 
formed at 2 = 0. Thus in this specific problem it is not necessary that the tan- 
gential component of q should be zero at the boundary or that the tangential 
components of H must be continuous in the limit vy > 0, 7 > 0. We must, 
however, have 

[H], = [a], 47(pvo), (3.6) 
where [ ], denotes ‘the leap in the tangential component of’. The value of vo 
for a perfectly conducting inviscid fluid is indeterminate, but for a real fluid 
which is highly conducting and almost inviscid it can be worked cut from the 
known physical properties. Actually in fluids of importance in terrestrial and 
interplanetary experiments vo is invariably very small and so in this paper we 
shall replace (3.6) by 


(H], = 0, (3.7) 


s 


but there is no special difficulty about using (3.6). 

Although (3.6) has been deduced for one specific and simple case the general- 
ization to a curved wall and a general magnetohydrodynamic field is immediate. 
For, when a is large and v small the changes implied in (3.4) occur so rapidly in 
the x-direction that other changes due to wall curvature, etc., are negligible. 
The relevant equations governing the magnetohydrodynamic boundary layer 
at the wall are therefore identical with (3.2) and we conclude that (3.6) is a general 
condition on q, H which must be satisfied at the boundary of a solid insulator 
with a perfectly conducting inviscid fluid. 

If initially the motion is such that (3.6) is not satisfied then the manner in 
which the appropriate discontinuities are dispersed may easily be investigated 
and follows the same lines as when the boundary of the fluid is free. It will not 
be given here; it is merely pointed out that just as in the case of a free boundary 
the dispersion is immediate. The interested reader can readily work out the 
details for himself using the arguments of Stewartson (1957) and the corre- 
sponding equations allowing for viscosity. These equations have been discussed 
by Ludford (1959) in a related problem of magnetohydrodynamics. 
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4. Unsteady perturbations in a perfectly conducting fluid 


In this section we consider the perturbation induced by a thin body placed 
along the z-axis, assuming that at time t < 0 the magnetic field is (H.,,, 0,0), 
and that the fluid is set in motion at t = 0 with a velocity (U, 0,0) at infinity. 
Since the body is thin we can write 


q = (U+u,v,0), H = (H,,+h,, h,, 9), (4.1) 


™ 
where u, v, h,, h, are all small. Neglecting squares and products of these small 
quantities and setting v = 0, a = 00, equations (2.1)—(2.3) reduce to 





I } Cu ov 
Sige ah ee wih, (4.2) 
Cx «Cy Ox Cy 
oh, LT Bs og il yg 7 
ct C2 Cx ct Cx Cx 
f. A : ? m (4.3) 
Cu ou OP H,ch, ov ov OP  H,, oh 
are l = +l a a y, 
ct cx cx 4npcx dat Ox cy 4p cx ) 
i 
where P=-*~- + const. (4.4) 
p 47p 


These equations may be divided into two parts. First, there is a part which is 
directly due to P and which may easily be seen to be irrotational. Denoting its 
contributions to q, H by a superscript (1) and writing 


a9 a9 1 21 a2 
Co*@ ( o*QD ied 9) Oe 09) - 
AM=H,—, hP=H,— where —+— =0, (4.5) 
Ox? Cx cy Ca Cy? 
a2 4 yo y2 4 a2 
— Cd .0°G iat) , oO : 
it follows that u—=- 40, evW= 5 +0, (4.6) 
ctex ox" ot cy Cx cy 
2 4 24 2 Ae t 
pa? ?. ot 2? am Q (4.7) 
ct? ot cx 4np} cx* 


The second part is explicitly independent of P and is wave-like. Denoting its 
contributions to q, H by a superscript (2) 


= 


(4.8) 


(2 C ) e _ 40% HH, ohP du® yy ou? 
a = 


— ao? et ead ee or 
ct 4p Cx? 4p 0x ct Cx 
with corresponding equations for v, h'?), the two pairs of functions being con- 
nected by (4.2). These solutions correspond to the Alfvén waves mentioned in 
§2 and we see that in this small disturbance theory the irrotational and 
wave-like motions are additive. 


The solution of (4.8) for wv? is 
y «|. ma max 
U ( 


> ¥)t+glt4 7) P 4.9 
1+m)l y) a\ “(1—m)L v) iad 
where f, g are arbitrary functions and 


H,,m = U(4np)}, 
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m being the ratio of the velocity of the undisturbed fluid to the velocity of the 
Alfvén waves. Ail disturbances to the motion originate at the body, none come 
from infinity, and hence if m < 1 


(2) — rel, eae eo a ce ; 
u ay (1+ m) 0” Yi h: mH, f when x > 0, (4.10) 
< mx | - 

(2) = ry t F is h© _ , ’ 

u 9) +a we y| “ =mH,g when zx <0, (4.11) 
while if m > 1 

u®) = U(f+g), hk? =mH,(g—f) when 2 > 0, (4.12) 
u2 =h2 =0 when 2x <Q, (4.13) 


from which v®, h® may be written down. 
In particular as ¢t > 00 these functions become independent of ¢ if, as we shall 
assume, the motion is ultimately steady. Hence writing 


fio, y) =f(y),  9(,¥) = gy), (4.14) 
we have if m < 1 


u® = Ufly), AP =—mH fly), v?=hP=0 (x > 0), 
(4.15) 


u? = Ug(y), h® = mH, g(y), yi =a f= (x < 0), 
while if m > 1 
u® = Uff(y)+g(y)},. AP = mH, {g(y)-fly)}, v=hP =0, for a> _ 


u® = MD a ADP ae hD=—0 for z< 0. 
(4.16) 


Hence, if the disturbances are always small, it is given, if the ultimate motion 
is steady, by the sum of (4.5), (4.6) and (4.15) or (4.16), viz. 


(Oo | , do 
u=Uls 3 +4) dubs | 
52 a. (4.17) 
O°G o°G 
- = a 0 
h, = H, (--§ mfty)) , hy =H, andy for x2> ; 
(O° | , od 
u=Ulzatay)), v= axdy | 
ae a (4.18) 
_ 7 (% _q ob | 
kh, = H,.(— +mg(y)) h, = @ Beby for z< * 
if m < 1; and 
(ad . aac 
u=l (< HF) +9): eae | 
(4.19) 


(od &¢d 


kh, = H,) 2 +magly) —mf(y); h, = H,, andy fur xz> 0 
n2 2d, od a2 

u=Us , ent. £e hy = H,, a 
ox* cCxcy Ce oxcy 
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if m > 1, where ¢ is harmonic and f, g are arbitrary functions of y. Inside the 
body the magnetic field is harmonic since it is non-magnetic and an insulator. 
Hence we may write 
C2 I, C2 I, 
b, *, yn to. (4.21) 
Cx Oy Cx 
where yy is harmonic and analytic inside the body. 


5. Thin aerofoils in steady motion 


Let us now apply the theory of the previous section to the flow engendered by 
a slender convex aerofoil, symmetrically disposed with respect to the z-axis and 
whose surface is given by 


ly| =eéeS(r) (-b<2< a), (5.1) 


where € is small and S is a function of x of order one, with a bounded derivative 
and vanishing at x = —b,a. Then the boundary conditions to be satisfied imply 
that on the aerofoil 


vy = €US'(x)seny, (5.2) 
whence, from (4.17)—(4.20), 
Ac ra 
ce € ‘ bare : 
= es S'(x,) log {(v@— 2)? + y*?} dx, (5.3) 
Ox 2rJ_, 


since ¢ is harmonic, where a prime denotes differentiation. Further, in order to 
ensure that q, H are continuous in the fluid the plane x = 0 must be chosen to 
pass through the aerofoil at its maximum cross-section, and then 
f(y) = gly) = 9 
if |y| > eS(0). 
Since Uh, = H,,v outside the aerofoil 
h, = eH, S'(x) sgny (5.4) 


on the aerofoil; hence to a first approximation 


_ A, yS'(x) 


h, ‘ S(x) (5.5) 


inside the aerofoil. Using the equation of continuity and (5.5) it follows that 
h, = H,, log S(x) + const. (5.6) 


inside the aerofoil toa first approximation in ¢€. The additive constant is apparently 
indeterminate in slender wing theory. Thus although h, is small in the aerofoil 
h, is of the same order as H,, so that the field inside is seriously perturbed.* 
Since ng —" 
ed ¢€ (* S'(x,)dz, 


Cx? on }_, 2-2, =) 


* In fact it has a logarithmic singularity at S(x) = 0 but it must be remembered that 
singularities at isolated points are often removable in aerofoil theory: if this were the only 
objection to the present argument it would be felt that the theory were substantially 
valid. 
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on the aerofoil, it follows that 


e {2 S’(x,) dz, 


+log S(x)+const. (—b<2< 0), (5.8) 
L-2y, 


mgly) = = 5 
a Jt 


, 


where y = eS(x), with a similar formula for f(y). Thus if m < 1 the magnetic 
field and the velocity field are seriously distorted inside the planes y = + €S(0), 
and since this region is the most vital part of the fluid the initial assumption that 
the disturbances remain small must be regarded as incorrect. If m > 1 the 
situation is even more serious for (5.6) contradicts (4.20) and so no solution is 
possible at all. A study of the initial motion of the fluid past the aerofoil from a 
state of rest shows that the motion in which the disturbances are small in fact 
breaks down straight away. The reason is that ahead of the body, according to 
small disturbance theory, no Alfvén waves can occur. Hence, on that part of 
the boundary for which x < 0 the continuity of h,, h, implies that the magnetic 
field inside the aerofoil is given by the analytic continuation of ¢. But at ¢ = 0+, 
¢ is due to a source distribution in the aerofoil along the x-axis and hence so is 
the magnetic field. This is a contradiction, since the aerofoil is non-magnetic. 
It should be noted that the difficulties in the theory when m > 1 are due entirely 
to the linearization of the equations. When the full equations are used, Alfvén 
waves have no difficulty propagating into the fluid from the aerofoil. If the more 
general boundary condition (3.6) is used instead of (3.7) the theory also breaks 
down. The reason is that any restriction on the tangential component of q implies 
that the value of v at the boundary is not small in comparison with U. 

The main conclusion to be drawn from the work of this section may be stated 
in the following way. Let a thin non-conducting aerofoil be set in motion, with 
uniform velocity U + 0 in a direction parallel to its length through a perfectly 
conducting fluid; then the perturbation in the state of the fluid caused by the 
motion of the aerofoil cannot ultimately become steady if it remains small. 

There is one exception, however. If m < 1 it is possible to obtain a consistent 
linearized theory of the motion because the fluid velocity and not merely its 
perturbation component may be assumed small. The ultimate motion in this 
case is discussed in the next section. 


6. The slow motion of a body in a perfectly conducting fluid 

The equations which govern the state of the fluid in this limiting problem are the 
same as (4.2)-(4.4), provided we neglect the terms in them containing U as a 
multiplicative factor. It is assumed until proved otherwise that the disturbances 
remain small; it is worth noting, however, that it is no longer necessary to restrict 
the aerofoil to be thin. If the theory is valid at all it is valid for all bodies. The 
general solution of the equations is now 

(a) For x > 0, 
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(6) For x < 0, 


ny 


Gig) x 
h, = H,~ + U(4mp) o{t+ a v) | 


Fs ; , (6.2) 

P O¢ +Ug(t+2 | 

———-] 5a ’ 
a" 1 F 
where ¢ is harmonic and of the same order as U, while 
H,, . 
en, (6.3) 
(4p) 


From (6.1) and (6.2), v and h, may be written down. In particular, if the motion 
of the fluid is ultimately steady we have, using (4 14), 


a 4 _ amp) mH  ¢ 
w= Ufy), v=0, &,=H, a2 U(4mp)} f(y), h, = H, andy (6.4) 
if x > 0; and 
ao a 
u= Ugly), v=0, b,=H, a2 + U(4mp)! gly), h, = H, indy (6.5) 
if xz < 0. Further P = const. — Hie (4,- H,, <5) (6.6) 
4771p ox" 


Suppose now that the body is convex and denote its boundary by S. Then the 
plane x = 0 must contain its maximum cross-section, and if further this cross- 
section lies between y = +c it follows that 


g(y) =f(y)=1 for |y| < C,) “ 
gy) =fly)=9 for |y| >,J on 
to satisfy the condition on the velocity at S. According to (6.7) the fluid contained 
within |y| = c is completely at rest, while outside |y| = c on the other hand it 
moves with uniform velocity U completely undisturbed by the presence of the 
body. In order to find the magnetic field, let it be given by 


pep , 2 Oy 
he = Hows, hy = Hoa (6.8) 


inside S where 7 is harmonic and regular there. Since all components of H must 
be continuous at S, it follows that 


y 
ho. eee (6.9) 
Cady cxcy 

Cy 02 U 

IOC Ss at S, for 2>0, 

Ox? = ox®Ssi#S 

nay. 99 U (6.10) 

Ow 02 

ts I = atS, for e<e| 

oz? = o* Ss} 


The detailed properties of y, ¢ depend on the explicit form taken by S; as 
an example we shall now consider the case of a circular cylinder whose boundary 


is given by eat, (6.11) 
where rcos@ = xz, rsin@ = y. 
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0 * c\" cos nO 

Let a A,(°) ans = Aa iney. (6.12) 
Cx a= 1 r n 
oy = r\” cos nO et 
~- = DF B,, “) — —+B,, (6.13) 
OF as n 


where 4,, B,, are all constants to be found. From (6.9) 


—>¥A, sin(n+1)é 


> B,, sin (n—1)8, 


i.e. B,=A,-. (n> 2), (6.14) 
whence from (6.10) 
<0 U ; 4U = (—) 
—2 ¥ A,,cos(n+1)0-—B, = y 88n (cos 4) <7 > { 608 (26+ 1)0. 
: ‘ s=0 <8 


n=0 
2U(—)s+1 


i.e. a ee a 
a 1 2+ 2s ~ Va(2s +1) 


Using (6.15) in conjunction with (6.12), itis a straightforward matter to show that 


9 
« 


a Uf 


26x 
¢ an-l 2 , 
ae GaP 4c — 2x tan at y— c) log {x2 + (y—c)?} 


—(y+c) log G+ y~o}), (6.16) 


while ¢cy/¢x differs from 0¢/éx by a constant only. According to (6.16) the mag- 
netic field has a logarithmic singularity at x = 0, y = +c and so the assumpticn 
of small disturbances breaks down in the neighbourhood of these points. Since 
U is small the region in which the basic assumption of small disturbances is 
invalid is exponentially small, and in consequence it is unlikely that the correc- 
tion when the full equations are used will be significant. In fact the breakdown 
of the small-disturbance theory in this problem would seem to be of negligible 
importance when compared with the breakdown in conventional thin aerofoil 
theory. It should be remembered, however, that that theory, unlike ours, has 
a solid corpus of exact solutions to support it. 

At large distances from the circular cylinder the total magnetic field consists of 
two parts. First, there is a component in the z-direction equal to 


H,,— U(4np)' sgn 2, (6.17) 


if |y| < c,and to H,, if |y| > c. This field does not of course tend to zero as |x| -> 00. 
Secondly, there is a contribution due to an apparent magnetic pole at the origin 
of strength ax 


2U 
: (4p). (6.18) 


The pressure may be calculated from (6.6), and as ¢ + 00 we find that 


p\*,, 
p>po-(£) UH,sgnx for |ly| <e, 


—P> Po for |y| >, 
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where p, is a constant. Hence the force on the circular cylinder tends to 
p\t oor 
2c (°) UH.,, per unit thickness, (6.19) 
7 


in the direction of x increasing. This result is also true for all convex bodies, 
whatever their shape, provided only that their maximum thickness is 2c. 

A previous paper by the author (1956) was concerned with the motion of a 
perfectly conducting sphere through an imperfectly conducting fluid with con- 
ductivity 7. Although the conclusions as to the ultimate motion of the fluid were 
the same as those obtained here there are several important points of divergence. 
First, an important condition of the previous theory is that cU < 1 so that it 
is not strictly applicable to a perfectly conducting fluid. Secondly, the condition 
on the magnetic field at the surface of the sphere is simply that the normal com- 
ponent of the perturbed field should vanish while the tangential component may 
be discontinuous. This condition can be satisfied without the necessity for any 
Alfvén waves and in fact as 7  o it was shown that the perturbed field increased 
indefinitely without changing the velocity field. Thus if the body is a perfect 
conductor, no matter how slowly it moves through a perfectly conducting fluid 
we can expect the magnetic field to be seriously perturbed ultimately. This is 
because there is nothing to prevent the build-up of current when U is small. In 
the present problem the build-up is controlled by the Alfvén waves radiated 
from the body. Finally, it should be noted that in the earlier problem the 
magnetic field was ultimately uniform and there was no force on the body. 


7. Discussion 


The steady motion of a non-conducting body through a perfectly conducting 
inviscid fluid in the presence of an aligned magnetic field has been shown to be 
a formidable problem. If one considers only the steady state it is found that the 
motion of the fluid is indeterminate depending on two arbitrary functions of the 
stream function yy. If the conditions a long way upstream and downstream are 
uniform, then both of these functions can be found, but it must be expected that 
such a simple state of affairs will not exist in general. 

These unknown functions can be found in any particular case by examining 
how the steady state is set up. For example, this may be done by setting the body 
in motion and tracing the behaviour of the fluid as t + o. In such a method the 
fluid velocity and the magnetic field are uniquely determinate at all values of ¢ 
including ¢ = 00, and so we can expect to obtain some information about the 
unknown functions of y by considering the unsteady equations of motion. This 
can be done fairly easily if the perturbations are small, and we have been able to 
find the properties of the ultimate flow assuming that the perturbations are small. 
On applying these properties to the motion of thin aerofoils, however, it is found 
that the ultimate motion is either not steady or not small, because otherwise 
large disturbances occur in the magnetic field in the body. One exceptional case, 
wren the applied magnetic field is strong, can be successfully carried through and 
consistent results are found. Of these the most important is that the fluid inside 
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planes touching the body and parallel to the imposed magnetic field moves with 
the body as if solid. This result is true for all bodies and not only for thin aerofoils. 

These conclusions may be compared with a theory of thin aerofoils in a per- 
fectly conducting fluid recently developed by Sears & Resler (1959). In their 
paper two cases are considered according as the applied magnetic field is parallel 
or perpendicular to the direction of motion of the aerofoil, but we are concerned 
only with the first of these here. In the theory it is assumed that the conditions 
at infinity both upstream and downstream of the body are undisturbed, in which 
case the stream function is harmonic exactly as if there were no magnetic field. 
and the magnetic field is zero inside the body. All the requirements which can be 
derived from steady state equations and boundary conditions are satisfied. 
Attractive as this theory is, it is only one of an infinite number of equally self- 
consistent theories: further the assumption that conditions at infinity are un- 
disturbed, while in accord with the corresponding theory in the absence of a 
magnetic field, is not in accord with the corresponding theory for a transverse 
magnetic field in which the effect of the aerofoil extends indefinitely in certain 
directions: again as m -> 0 and the speed of the aerofoil is reduced to zero, the 
magnetic field is not uniform everywhere since it must be zero inside the body. 

None of these features implies that the theory is invalid but they do make it 
questionable whether it is realistic, i.e. can be produced in an experiment. 
Certainly if by some means the motion envisaged could be set up then there is 
absolutely no reason why it should not continue. On the other hand the same is 
true of an infinity of other solutions. The natural way of setting up asteady motion 
is to set up the field first and then start the relative motion of body and fluid. 
Accordingly the steady motion required is preceded by an unsteady motion in 
which disturbances from the uniform state are small if the body is thin, and so 
the work of the present paper is relevant to the correct description of the ultimate 
steady motion. The conclusions of the paper for all except small m do not abso- 
lutely contradict any of the features of the Sears & Resler theory but the way in 
which disturbances propagate to infinity in finite form make it unlikely to be 
realistic. The solution when m is small, however, contradicts the conclusions of 
their theory in so many ways, of which the most important are: (i) the conditions 
at infinity are disturbed, (ii) the fluid velocity is either reduced to rest relative to 
the body or is undisturbed, (iii) the magnetic field consists of a harmonic element 
and a piecewise constant element, (iv) the body experiences a drag, that when 
m < 1 their theory must be rejected for a steady motion which is set up by the 
unsteady process stated above. Further, in view of the doubts expressed above 
its relevance must be queried when m is not small and in particular when m < 1. 

A very recent paper by Greenspan & Carrier (1959) provides some confirmation 
of this view. They consider the hydromagnetic boundary layer on a fixed semi- 
infinite flat plate defined by x > 0, y = 0; the fluid is highly conducting and 
almost inviscid and the conditions at infinity are exactly the same as in the 
present paper. Their main conclusion is that the boundary layer exists in its 
conventional form only if m > 1. If m < 1 it leads to a contradiction suggesting 
that the problem is incorrectly posed, which is in accord with our view that the 
flow at infinity upstream is disturbed by the presence of the plate. 
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We emphasize that these doubts refer to the description of the ultimate state 
of the motion of the fluid if it is either started from rest or, more generally, if 
the velocity of the fluid and the magnetic field are each almost uniform at some 
stage before the steady state is reached. For a steady state achieved without 
satisfying these conditions the objections do not apply. 
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The oscillating plate problem in magnetohydrodynamics 


By W. I. AXFORD 


Department of Mathematics, University of Manchester 
(Received 30 July 1959) 


The oscillating plate problem is investigated for the case of an incompressible, 
electrically conducting fluid in the presence of a magnetic field. The boundary 
conditions are examined in detail, and a solution is found with the aid of suitable 
approximations. The motion of the fluid is shown to consist mainly of magneto- 
hydrodynamic waves, but there is also a viscous boundary layer in which the 
solution agrees with that given by other writers. 


1. Introduction 

Certain difficulties occur in the theory of magnetohydrodynamic boundary 
layers which may possibly be resolved by an examination of the corresponding 
linear problem in which the fluid motion is caused by an infinite flat plate moving 
in its own plane. Ludford (1959) has considered the Rayleigh problem (impulsive 
motion of the flat plate) including magnetohydrodynamic effects, and in the 
present note the related case is examined in which the plate executes simple 
harmonic motion and the flow is quasi-steady. There is an advantage in con- 
sidering this case, since the mathematical difficulties encountered by Ludford are 
then avoided. 

The case in which the kinematic viscosity is small compared with the magnetic 
diffusivity is examined in detail, since this is likely to be the situation in experi- 
mental work. The most interesting effect found is the production of magneto- 
hydrodynamic waves which become diffused due to the finite electrical con- 
ductivity of the fluid. A viscous boundary layer occurs at the surface of the plate, 
and the solution in this region agrees exactly with that found by Ong & Nicholls 
(1959), using an approximate equation given by Rossow (1957). The reasons for 
this agreement and also the approximations involved in Ong & Nicholls’ 
solution are discussed. 

The implications of the assumption made by Ludford, that the boundary 
consists of material having infinite electrical conductivity. are examined in 
detail, and necessary conditions for its validity are given. 


2. Equations and boundary conditions 
The equations* describing plane laminar motion of an incompressible con- 
ducting fluid in the absence of a pressure gradient are 
a: ou 


a G 
= 4. = Q, 
(15,2 ~)H+H _~* (1) 


* M.K.S. units are used throughout. Since Ludford has given a neat form of the solution 
of the algebraic equation (11), his notation is used for convenience. 
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where the motion is in the x-direction, and the velocity v, magnetic field H, and 
current j are given by 
v= (u,0,0), H=(2,H8,,0), j= (0,0,9). (3) 
H, is a constant magnetic field perpendicular to the plane of motion, which is 
used to define an Alfvén velocity as follows: 
” »” 
Az = nH? |p. (4) 
There are two diffusivities involved in the equations, namely the kinematic 
viscosity v, and the magnetic diffusivity, 7, which is defined as 


7 = I/no, (5) 
where yt is the permeability and o the conductivity of the fluid. The equation for 
the pressure is a ik 

| F (p+) =o. 6) 
and the current is given by j= -—. (7) 


We shall consider a quasi-steady motion, neglecting transients, in which the 
time-dependent part of the solution is a factor e’”. Hence the operator ¢/é¢ in 
equations (1) and (2) can be replaced by iw, and it is then easily shown that the 
general solution of the equations is 


u = [Ae™ + Be-™ + Cem + De-™ J et, (8) 
Hy { (iw 
H=- | —mv) { emy 4 ett (9) 
AZ| \m 
ie. , 
V=- °{ (iw — vm?) Ae” +0 fe (10) 
Ag 
where A, B, Cand Dare arbitrary constants andr = +m, +n, are the roots of the 
quartic (nr? — iw) (vr? —iw) — Agr? = 0. (11) 
Ludford has shown that ' : 
si heaaes m = (a+ibw)! + (a+ icw)}, (12) 
n = (a+ibw)t—(a+icw)}, (13) 
As > l P 
where daa °, b= (nt+v})2/4yv, c = (yi —v})?/4yv. (14) 
Vv 


Under laboratory conditions it is usually found that 7 >v*, and in these 
circumstances, b and c are very nearly equal. Hence we can write 


b=d(l+e), c=d(l—e), 


where d=1/4v, € = 2(v/n)}, 
° ° YO le | 
é S + iba $ = + i 1 +. —_ its 52 
und so (a +ibw) (a+idw) |! Sia + ido) Ole )j 
° 1 . 1 He le 9 
(a+icw)? = (a+idw)? | ]— Prieih ~ (e) ; 


* For instance, v/y ~ 10-7 for mercury. 
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Substituting from (14), and neglecting all but the terms of lowest order in e, 
equations (12) and (13) give 
m & (Az +iwn)§/V (nv), (15) 
n = iw/(A2+iwy)}. (16) 


Thus, in the general solution, the terms with exponent (iwf + my) contain the 
combination y/v?, showing that there is an ordinary viscous boundary layer 
outside of which the fluid is affected only by the oscillations of the magnetic field. 
The terms with exponent (iwt + ny) are independent of v and represent diffused 
Alfvén waves moving along the lines of force of the undisturbed field (0, H, 0). 

The simplest example of laminar periodic motion is that caused by a solid 
boundary at y = 0 which oscillates in the x-direction with velocity Ue. The 
fluid is assumed to extend to infinity in y > 0, and the space y < 0 is occupied by 
solid material of uniform composition. We shall use primes to denote quantities 
in the solid region, which contains a magnetic field of the form (/7’, H5, 0), where 
H),is constant and H’ is an induced field satisfying the equation 

oH’ ,o2H’ 


at sea (17) 


=. 
cy” 

The appropriate solution of this equation which vanishes for large negative 
values of y is 


H' = Fexp (22) titer ts ) a]. (18) 





where F is a further arbitrary constant. 

The disturbance must vanish as y tends to infinity, and so A and C must be 
zero since the real parts of m and » are positive. We are therefore required to 
determine three constants, namely B, D and F, from the conditions at the 
boundary y = 0. 

The first condition is that there should be no slip at the boundary, that is 

u=u'=Ue™ on y=0. (19) 


There are two conditions on the magnetic field, requiring that the normal com- 
ponent of H and the tangential component of H should be continuous. Hence 

pH, = #'H,, (20) 
and H=H' on y=0. (21) 
The remaining condition is on the tangential component of the electric field, which 


must also be continuous. Thus 


10H 1 0H’ 
: + nuH, = ae +yu'wH, on y=9, 
o cy a’ cy 


which reduces, on using (19) and (20), to 

1coH 1 cH’ 

bt = Bi on y=0. (22) 

acy a’ cy 

The three conditions (19), (21) and (22) are sufficient to determine the three 
constants B, D and F. 
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3. Simplifying approximations 

A simplified form of these boundary conditions is possible under certain 
circumstances. First, it can be seen from (18) that the field in the solid is con- 
fined* to a layer near the surface with thickness of order (7'/w)?. Similarly the 
field induced in the fiuid is confined to a layer with thickness at least of order 
(n/w)*. Thus if 7 > 7’, the field induced in the solid can be neglected, and the 
current associated with this induced field can be assumed to form a current sheet 
on the boundary which allows a discontinuity in the field. In this case, F does not 
have to be calculated, and the two conditions required to find B and D are (19) and 


} 
e'™4H(0). (23) 


L oH 
Hcy sie re 


cH ' 
(3) a 


The second possible simplification is found by considering the ratio 


a , On’ 
y=0 o =!) 


\ 3 
‘ . ae . Of \* wn 
where L is some typical length. This is found to be of the order of ( f ;) . Thus 
; No 

provided alo’ <pln’, (24) 
the boundary condition (23) can be taken to be 

oH 

Cy 
which is the condition used by Ludford. In general and ju’ will be approximately 
equal, unless the solid is of a ferromagnetic material, when jv’ will be much larger 
than ~. Whatever the case, (24) is a sufficient condition for 7 >’, and for the 
boundary conditions to be (19) and (25) with F zero. If (24) is not satisfied, but 
n >’, then the boundary conditions are (19) and (23) with F zero. Finally, if 7 is 
not much greater than 7’, the boundary conditions must be (19), (22) and (23), 
and F is not zero. 


=0 on y= 0, (25) 


We shall consider a case in which the condition (24) holds, and it is easily 
found from (19) and (25) that 
B = (vn? —iw) U/v(n? —m?), 
D = (iw — vm?) U/v(n? — m?*). 
Hence u s ox [(vn? — iw) e-™Y — (vm? —iw) e-"”]. (26) 
v(n* — m*) 


(vn2 — iw) (vm? —iw) f —nY 6 "| 
u 


A2v(n? — m? 
0 


H = UH,ei (27) 


n m 


When 9 >v, m and n are given by*(15) and (16), and these solutions for w and 
H become 


etot ] } 2 24 10 3 K 
asta l e lexp| 7 oy Pp wee ‘oi 3 — WAG 1M) |. (28) 
Re 
Az 
Fi UHye™ | | s _ fo . a be on a. wee & WlAg+ oat) 
4)(1+ a Ag! "| (AR tion) AG (vy). 
8 AB (29) 


* he ‘skin effect’. 
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The solutions in the viscous boundary layer are found by taking the limit as y and 
v tend to zero while y/v remains finite. These boundary layer solutions are 


U piwt " ? 2 Ye 4 g 
= ——— | a ay -xP| _y( Ag+ “e | : (30) 
(1+ a4 “19 vip 
Az 


U tut 
vee! eal (31) 


Ag(1+ 7)! 


This expression for wv is exactly that found by Ong & Nicholls, using the equation 


ou A? ss Cu 
tif tu ay ett) =v, (32) 
ct 4 cy* 


first given by Rossow. This confirms the result found by Ludford, that Rossow’s 
equation gives the correct solution in the viscous boundary layer provided 9 > r. 
The truth of this can be found from an examination of equation (1), for 


CH oH 
ot oy? 
if UL <y, (33) 


where L is a length typical of the region under consideration. For the viscous 


. sa : of 
boundary layer, L is v/U, and (33) is simply 7 >v. Neglecting the term ~) 
: ; ( 

equation (1) can be integrated to give 


oH 
" ty = H,(Ue'™—u), (34) 


using the boundary condition (25), and substitution of this result into equation (2) 
yields (32). The chief drawbacks of Rossow’s equation are that it cannot be used 
to give the solution for 1, nor does it give any indication of the effect of the 
magnetic field on the motion of the fluid outside the viscous boundary layer. 
Because of this, Rossow’s approach will fail in many cases in which the flow 
outside the viscous boundary layer is affected by the magnetic field, as it gives no 
indication of the correct condition at the outer edge of the boundary layer. 
There may also be some doubt about the validity of using (25) as a boundary 
condition in some circumstances, 

The solution for the flow and field outside the boundary layer are found from 
(28) and (29) by allowing v to tend to zero whilst y remains finite. giving 


U .. wy | »)-~ 
u = ————_ exp tut — Sst e (39) 
[a toy Pv (aio 
Aa 
H l Hy ‘xp = = , A, 4 8, : ie (36) 
{ tw] 4 | (Az +. iw)?! Ay Az 
«19 7 
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Thus the disturbance is a diffused Alfvén wave propagating in the direction of 


increasing y. This can be seen more readily if a low frequency (w < A?/7) approxi- 
mation is made, for the above equations then become 


a een Be. Se y \| ia 
wal exp | 544 tiw(t— 7), (37) 
= FH oy | Oty 4 ils 2)\ 
H i exp) — aaa + iw(t— A) (38) 


showing that the fluid and field move together, and the disturbance is an Alfvén 
wave which is damped out over a distance of order, 243/w?7. This is the result 
obtained by Alfvén (1950, p. 82) in an investigation of the effect of finite con- 
ductivity of the fluid on plane magnetohydrodynamic waves. 
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A note on the breakdown of continuity in the motion 
of a compressible fluid 


By D.C. PACK 


Department of Mathematics, The Royal College of Science and Technology, Glasgow 
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By a consideration of the relationships holding along the characteristics in an 
unsteady motion involving plane, axially or spherically symmetrical flow of 
compressible inviscid fluid, it is shown that the existence of a region of compression 
anywhere in the flow must lead eventually to the breakdown of continuity. The 
paper generalizes and unites previous work on this topic, and discusses some 
recent numerical calculations in which the expected discontinuity was not found. 


1. Introduction 

The fact that a wave of compression, in one-dimensional unsteady flow of an 
inviscid non-heat-conducting gas always leads eventually to a breakdown in the 
continuity of the flow has been known for a century. Challis (1848) observed that 
Poisson’s simple-wave solution (1808) of the differential equation of flow in an 
isothermal gas could not always be solved uniquely for the velocity, and it was 
Stokes (1848) who first attempted to insert a discontinuity of velocity into the 
flow in order to continue it beyond the point in (x, ¢)-space at which the mathe- 
matical solution broke down. Although it was many years before the exact nature 
of these discontinuities, or ‘shock waves’, was correctly worked out, it is now well 
understood that in the simple wave resulting from the positive acceleration of a 
piston into a (one-dimensional) gas at rest, a shock wave must occur (see, for 
example, Courant & Friedrichs 1948). It is not, however, immediately obvious 
that such a breakdown of continuity in a compressive wave must necessarily 
occur when the motion has cylindrical or spherical symmetry. In these cases, the 
rapid increase in the volume occupied by a gas during its expansion may cause the 
pressure gradients in the gas to fall in the initial stages. A calculation performed 
by Unwin (1941) on the expansion of a spherical mass of gas released suddenly 
from a state of rest did not reveal the occurrence of a discontinuity up to the 
t-coordinate (¢ being the time) at which he ended his computations. In a recent 
paper Fox & Ralston (1957) have reworked Unwin’s example, and while dis- 
agreeing with his numerical results, have concluded, even more strongly than he 
did, that no shock wave will result from a continuation of their calculations. 
Roberts (1957), calculating the development of a stronger initial distribution of 
pressure, also reached these conclusions. 

In contrast with these results, it was shown by Hantzsche & Wendt (1940), who 
examined the development of a wave moving irrotationally with a region of com- 
pression at its head into gas at rest, that ultimately the continuity would break 
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down. Kuo (1947) has discussed a similar type of flow and has also found some 
sufficient conditions for breakdown in the general case by a consideration of the 
flow in the hodograph plane. 

Furthermore (although these authors seem not to have been aware of it) Burton 
showed, as long ago as 1893, that the continuity of an expanding spherical wave 
will eventually break down if there is at all times a region of compression, no 
matter how weak, somewhere within the wave. Burton obtained his results by 
intuitive arguments based upon inequalities. 

In this note the problem is reconsidered in terms of the theory of characteristics, 
which enables Burton’s arguments to be expressed in a more precise form and at 
the same time generalizes the results of Hantzsche & Wendt. 


2. Equations of motion 


Let us consider the characteristic surfaces of a gas motion, these surfaces being 


given by the equations 1 
4 dr 


dt 


= Ute, 


where w is the particle velocity and c the local speed of sound at a point (r,t), 
r being distance from the centre, from the axis or from a fixed plane according as 
the motion is radially or cylindrically symmetrical or plane (one-dimensional). 
The conditions of compatibility, which have to be satisfied on these surfaces are, 


in differential form, mae 
29de—s eu ees 


du+ + dt ——c? — dt = 0. 
a ] r vy cr 
‘ ‘ 
where y is the (supposed constant) ratio of specific heats; ¢ = 2, 1 or 0 according 


as we are considering radially or cylindrically symmetrical or plane flow; & is a 
function of the specific entropy S defined by Y(S) = {2y/(y—1)} loge— log p, 
p being the pressure; and where the alternative signs correspond respectively to 
those in the previous equation of the characteristics. We shall also suppose that 
the two families of characteristics in the (r, t)-plane are respectively designated in 
some way as the curves « = const. and / = const. We then consider two points 
P and Q which are allowed to vary in such a way that, in (a, /)-space, their 
co-ordinates are («,,/) and (a, /?), where / is a variable and «,, x, are arbitrary 
constants (see figure 1). 

Suppose that P is at radial distance y and Q at distance r + Ar. We shall investi- 
gate the change in Ar as the time increases and P, Y move along their e-charac- 
teristics. If at some time Ar becomes zero, the ¢-characteristics will intersect, an 
indication of the breakdown of the continuity of the motion. 

[If such a breakdown occurs in the early stages of the motion, there is nothing to 
prove. The important question is whether, if no discontinuity occurs before the 
disturbances become of small magnitude, the motion can avoid indefinitely the 
onset of such a discontinuity. We suppose, therefore, that P and @ lie on a 


/-characteristic which is sufficiently far from the origin for Ar to be small com- 
pared with r. Also, we suppose that the disturbances have decayed to such an 
extent that w is small compared with c; on the other hand, Au and Ac (the symbol 
A represents the increment in the value of the following quantity from the point P 
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to the point Q), while small, may be of the same order of magnitude as wu. Since 
both P and Q move on «-characteristics, it follows that 


uc ot od 0 
r op 0 


C 
op 
When the disturbances are weak, &(S) is of the order of magnitude of (w/c)* 
at most, the order of magnitude obtained when there is already a weak shock-wave 
ahead of the region under consideration; in homentropic flow, =(S) is constant. 


2Ac 2 
(Au + —) +eA } = “ A(et ~ a ; 











r t 
A he 
a a, 
/ = const. 
> 
t 
FIGURE I. 


Hence, when terms of second and higher orders of smallness are neglected in the 
above equation, we obtain 


Au 4 = + ety A(— = = (), (1) 


r op 


where c, is the speed of sound in the gas at rest. 
Since P and Q lie on a f-characteristic, we have 


2Ac | 
| 


Yeuc dr 
y—1 : 


Au- 
Jp rue 


the integral being taken along the characteristic and the entropy term being 
omitted for the same reason as in (1). An examination shows that the third term 
above may also be neglected, to the same order of approximation. This leads to 


the simple relation a (2) 


If we use a suffix zero to denote the conditions at some time ¢ = 7’ for which r is 
already sufficiently large (and equal to r,), then we may replace r by ry) + ¢)(¢—T) 
to a first approximation and rewrite the equation (1) above, with the aid of (2), as 


(Aw) + beeg| =, Aw) = 0. 


C 
a sti 
op Col Cp 
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This is immediately integrable and gives 
1, 
Au x ey 

(Aw), r 


Since, from the equation of the x-characteristic. 


: (Ar) = A (a +c) =| 
op : Cp. 
pe l or 


Au (to the order of approximation adopted). 


? 


2Cy Op 

s+lor r.\* 

Y + c f 0 2 
Bs (A io = 

Co Cop 7 


we have on integration: 
fore =0, Ar—(Ar)y = $(y+1) (Au)o (7 —79)/Cp: 
fore =1, Ar—(Ar)y = (y+1) (Aw)o (0/0) (V7 — V0): 
fore = 2, Ar—(Ar), = (y+ 1) (Aw) (79/C9) log (7/79). 


3. Breakdown of continuity 
[f the points P and Q are taken indefinitely close together we may write (du/dr), 
in place of Aw/Ar, this being the derivative of wu with respect to r along the 
characteristic # = const. This is equal to 0u/ér+(u—c)-1cu/ct. The previous 
results may now be rewritten in the form 
—k/[l—(y+ 1) k(r—19)/2co], for «= 0, 
i, 


lI 


(du/dr) —k(ro/r)/1—(yv + 1) kr (Jr—7ro)/¢o], for e 


B 


—k(r,/r)/{1— (vy + 1) krpflog (r/r9)}/2ce9], for e€ = 2, 


where —k indicates the value of (du/dr), at time t = 7 on the positive charac- 
teristic through (r, f). 

These results correspond exactly with those derived by Hantzsche & Wendt for 
the gradient at the head of a wave. The argument concerning the breakdown of 
continuity may now follow exactly as in their paper. The vanishing of Ar corre- 
sponds, as we should expect, to an infinite gradient of velocity, indicating the 
occurrence of a limit line. We observe that this is a possibility for r > ry only if 
k > 0. Positive values of k correspond to negative values of (du/dr),att = 7’, and 
there is therefore a region of compression moving across r = r, at that instant. 
We shall consider the behaviour of (du/dr), as ¢ increases, under the supposition 
that k > 0. 

First we see that for plane waves (e€ = 0) the gradient of velocity in the 
f-direction increases with r and ¢ along the a-characteristic. The gradient 
becomes infinite when the denominator vanishes. This occurs when 


r—1y = 2 /(y+1)k. 


This result is identical with the well-known result for plane waves (Durand 1935). 
For cylindrical and spherical waves the circumstances differ in that the values of 
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(du/dr), may at first diminish on account of the factors r- and r—! which occur in 
the right-hand sides of the formulae given above; only if k is sufficiently large 
will (du/dr), increase continuously with time. In both cases, however, it is clear 
that the denominator vanishes eventually, for any y > —1, so that an infinite 
gradient of velocity must appear on the characteristic. For spherically sym- 
metrical motion, for example, it will occur not later than time ¢t given by 


t—T = (ro/cg) [exp [2¢y/rok(y + 1)]— 1]. 


Hence, for any plane, cylindrically or spherically symmetrical gas motion the 
continuity must eventually break down along a characteristic on which the 


motion is compressive.* 


When y = —1, there is no shock wave. For plane waves (du/dr), is constant in 
this case. This is in agreement with the known result that, for y = — 1, plane waves 


propagate without change of form. 


4, Comparison with some computations 
Fox & Ralston (1957) and Roberts (1957) have carried out numerical calcula- 
tions for a gas initially at rest with a density distribution given by 


p = poll +pexp(—4r’)], 


where 7’ = r/a (a is some characteristic length, p, the undisturbed density of air) 
and p = 2 (Fox & Ralston, following Unwin, 1941), or p = 5 (Roberts). They did 
not find any evidence of a breakdown of continuity. The disturbances represented 
by these distributions quickly become small everywhere, and when the theory of 
the present paper is applied directly to them, with 7’ = 0, it is found that a shock 
wave should begin at ¢’ = 0-7 and ¢’ = 0-3, where t’ = cgt/a, corresponding to 
r’ = 1-2 and r’ = 0-9, respectively. 

In discussing this difference between the theoretical conclusions and those 
found by calculation, it may be said that, for spherical waves, the shock intensities 
an be so small that they may be masked by the errors involved in numerical 
calculations when the partial differential equations are replaced by finite dif- 
ference calculations. The tendency to form extremely weak shock-waves in 
spherical expansions was indicated by Taylor in (1946) and Lighthill showed 
analytically in 1948 that, in the flow resulting from the expansion of a spherical 
piston with Mach number 1/5, the leading shock wave was of order e~** in strength, 
i.e. ‘of an order of smallness rarely encountered in physical problems’. When one 
considers this in conjunction with the fact that Roberts’s finite difference system 
introduced an artificial viscosity which would have the effect of smoothing out 
discontinuities (as he himself says), it may be correct to conclude that the 
discrepancy between the conclusions of this paper and the results of the calcula- 
tions which Roberts carried out is more apparent than real; that shock waves of 
the strength likely to occur could not have been detected by the numerical method 
adopted. 


* It may be noted that Burton pointed out in his original paper that the inevitability of 
a discontinuous motion would not apply to flow in dimensions greater than three. 
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Fox & Ralston computed the case p = 2 by means of a finite difference scheme 
for the characteristics and the equations of compatibility. They remark that ‘any 
tendency for the characteristics to converge is quickly dispelled and so there is 
never any sign of the formation of a shock’. As the author (1948) has shown in a 
paper on the formation of shock waves in jets, the initial point of a shock wave 
may be found by constructing characteristics over a field sufficient to allow 
mutual intersections of several neighbouring characteristics of the same family, 
and by extrapolating back to find the point at which two infinitesimally separated 
characteristics first begin to form the envelope of their family. The point r’ = 1-2, 
t’ = 0-7 lies near to the boundary of the region computed by Fox & Ralston, so 
that here again, with a very weak shock, the breakdown could not be expected to 
reveal itself. 

The author therefore believes that the computations so far carried out could 
not have revealed the shock wave which was sought. 
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On a singular point in the Newtonian theory 
of hypersonic flow 


By N. C. FREEMAN 


National Physical Laboratory, Teddington, England* 
(Received 15 October 1959) 


An examination of the Newtonian inviscid theory of hypersonic flow past a sphere 
is made in the neighbourhood of the singular point which occurs at 0 = 60°. 
A uniformly valid theory is developed in this neighbourhood which exhibits the 
limiting detached ‘free-layer’ behaviour postulated by Hayes and Lighthill in the 
limit as y > 1. A complete solution is obtained which gives details of streamline 
and shock wave shape, pressure distribution, ete. for y—1 small. 

Reasons are given why the empirical ‘modified’ Newtonian theory of Lees 
proves to be a good approximation to experimentally determined pressure 
distributions. 

A novel check to the theory is provided by a simple power-law relation between 
the pressure on the sphere surface and the distance of the shock wave away from 
sphere at the same point. 


1. Introduction 

The Newtonian theory of hypersonic flow has been developed in the past few 
years from the original ideas of Busemann (1933). A review of this work is given 
by Hayes & Probstein (1959), to which the reader is referred for numerous 
references. A solution to the problem of flow of a hypersonic inviscid stream 
past a bluff body is achieved by an expansion procedure in powers of p,/p,, 
where p is the density and the suffices 0 and s denote values in the free stream and 
behind the bow shock wave, respectively. The free-stream Mach number is 
generally assumed infinite although this is not essential (e.g. Chester 1956). In the 
case of a perfect gas, the above ratio is simply (y — 1)/(y + 1), where y is the ratio of 
specific heats, and the expansion is then carried out in powers of € = (y — 1)/(y + 1). 
No rigorous proof has been given that such an expansion will converge and close 
examination of the first few terms would seem to indicate that it is, at best, only 
slowly convergent. However, the solution obtained is the correct solution in the 
limit as € > 0. For this reason, one might expect that it would give results which 
bear a resemblance to those for e + 0; but both numerical computations using the 
complete equations and experimental results would seem to indicate that this is 
not so. In particular, the pressure predicted on the surface of the body seems to 
bear little relationship to that observed in experiments. Lees (1955) has suggested 
that the correct form for reduction of experimental results on a sphere is given by 


* This research was undertaken while the author was on leave of absence at Princeton 


University. 
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C1)! Commae = €08* 9, where C,, is the pressure coefficient, C, its value at the stagna- 
tion point and @ is the angle measured from the stagnation point. This result 
would seem to indicate that, to obtain a theoretical justification, one need simply 
admit that the pressure is determined by a spherical shock wave with a suitable 
adjustment for the pressure at the stagnation point. Although this result has the 
virtue of simplicity, it adds little to our understanding of the theoretical problem. 
Moreover, the theoretical result as suggested by Busemann (1933) would require 
a more complicated expression for the pressure distribution, since the pressure is 
determined not only by the shock-pressure rise, but also by the centrifugal effect 
due to the curvature of the body. The resulting pressure distribution is then made 
up of a pressure rise at the shock wave followed by a pressure drop between the 
shock wave and body. The resulting form of the pressure variation on a sphere in 


the limit ¢ + 0 is then Pree : ‘ 
C!Comae = Sin 34/3 sin 6 
Inax 
or, alternatively, C,,|Comax = 08" 9 — §} sin? 0. 


The final term is the contribution from the centrifugal pressure gradient 
between shock wave and body. It should be noticed that the pressure becomes 
zero for 7 = 60° when the first and second terms above become equal. At this 
point, the assumptions of the Busemann theory are no longer valid and the 
solutions obtained from the theory have a singular behaviour. The author 
believes that it is at this point that the answer to the discrepancy between theory 
and experiment may be found. The non-uniformity of the convergence of the 
solution as ¢ + 0 near this point produces a singular behaviour which influences 
a large part of the flow field. 

In this paper, we shall investigate the nature of the singularity near this point 
and postulate a solution which converges uniformly in this neighbourhood. 
Although it is impossible to state whether this solution is unique, it would seem to 
possess all the characteristics required of it. The problem, as it presents itself, is as 
follows: For # < 60°, we have a solution as determined by the Newtonian theory 
in which the pressure tends to zero like (17—@) and the distance of the shock 
wave away from the sphere (measured radially) becomes infinite like (47 —6)-3. 
For 7 > 60°, it was originally suggested by Busemann that the flow ‘separates’. 
This idea has led Lighthill (1957) and Hayes & Probstein (1959) to postulate that 
the fluid is flung away from the sphere at this point and proceeds as a ‘free-layer’, 
the pressure on the body surface becoming identically zero. If the assumption 
is then made that the fluid proceeds in a thin layer close to the shock wave, it is 
possible to obtain an analytic expression for the shape of the shock wave. The 
‘free-layer’ solution of Lighthill (1957) and Hayes & Probstein (1959) has the 
limiting form for the shock shape 1(0 —1n)8 
near 0 = }7. For the Newtonian solution, the shock layer thickness is propor- 
tional to ¢, while for the free-layer solution it is independent of ¢. Thus, we are 
required to find a solution to the problem which behaves like 


ée(im—@)-s for 6 < In, (1) 


and like (9-17) for @> In. (2) 
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The type of solution required is shown schematically in figure 1. If we consider 
an expanded system of co-ordinates and an expanded shock shape represented 
by a relationship of the form 








e* Y[(0— 17) e/], (3) 
these conditions require that 
Y(z)>23 as z>+0 (4) 
and Y(z)>(-—2z)-§ as z->-—oo. (5) 
+ 
0:04 + 
0-03 + , 
r.—a y | 
z 
/f 
0:02 + yf 
Newtonian / / Free-layer 
solution /,| Desired + /  cotution 
fe= 0-001] /2@ 7 soiution / : 
ne sf 
‘a ! ' | > itl 1 1 
——__—_1 ——_4A—___i____ NN — eee lemnisen —> 
30° 40 500° 60° 70° 80° 90° 
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FiccurE 1. The desired form of solution for the shock shape. 


In order that the dependence on ¢ be correct, we therefore require 


(6) 
a—(3)P = 1,} 
by equating exponents of e. Thus 
B=-;; and a=. (7) 
The shock shape is, therefore, given in the form 
ert Y({0 — me’). (8) 


The limiting forms of the solution for Y are given by (4) and (5). It will be shown 
below that Y satisfies a non-linear second-order differential equation. It does not 
seem possible to obtain an analytic expression for Y. However, the equation can 
be integrated numerically and then we see from (8) that the solution is known for 
alle. By the type of argument used above, it is possible to deduce the required 
behaviour of the shock shape with e. It is possible to determine much more from 
the complete theory. The behaviour of the whole flow field can be determined 
in the neighbourhood of the singular point. The procedure used is to expand 
the variables, both dependent and independent, in series with coefficients 
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dependent upon powers of ¢€, in a similar fashion to that suggested by Lighthill 
(1949). In fact, we will only consider the first term in this expansion. This we will 
do mainly to reduce the complexity of the problem. It should also be necessary to 
examine the expansions at other points in the flow field if the higher order terms 
were required. 

Most of the results obtained below were determined by the author in a previous 
paper (1958). The method used, however, relied primarily on arguments on the 
physical mechanism of the transition from a Newtonian theory to a detached 
free-layer solution. In that paper, it was argued that the most important effect to 
be taken into account at the singular point is that of curvature of streamlines 
relative to the body. This result is confirmed in the present paper. The fact that 
this is so is perhaps the most encouraging result of the work. It will be realized 
that the result of Lees (1955) already indicates that this might be the case. For if 
the pressure drop due to body curvature is to be nullified, some mechanism is 
required which will give an increased surface pressure. The most obvious one is 
that the streamline curvature relative to the body should become important. In 
fact, the theory shows that this curvature is of the same order as the body curva- 
ture at the singular point. As, in practice, the singular point behaviour influences 
the whole flow field (due to the fact that € is not mathematically very small), the 
experimental predictions become more understandable. 

The most disconcerting feature of the theory is, however, already obvious from 
the form of (8). It will be seen that near the singular point the dependence is on 
err rather than on ¢. A more detailed study of the flow field shows that this is, 
indeed, the case. In practice, 1: is never small enough for the theory to hold. In 
other words, the transition from the Newtonian to the free-layer solution depends 
on er: being small and the free-layer solution will only be achieved when this 
condition is satisfied. 

The theory has been developed below for the case of a sphere; but the theory is 
not restricted only to the sphere. Similar results could be obtained for any two- 
dimensional or axially symmetric body. The dependence on ¢ would, however, be 
different although it would seem straightforward by arguments similar to those 
used above to determine the correct form. 

More generally, the approach to the problem is that used by the author (1956) 
in his treatment of Newtonian theory. The shock layer is considered to be a narrow 
region in which rates of changes across the layer are much larger than those along 
it. By consideration of the orders of magnitude of the variables, it is then 
possible to simplify the equations of motion considerably. In the region near the 
singular point, however, the orders of magnitude of the variables change and we 
are required to modify the equations accordingly. 


2. The equations of motion 


By considering a particular body shape (the sphere) we are able to choose a co- 
ordinate system immediately simplifying the analysis considerably. We shall 
choose a spherical polar system of co-ordinates with r and 6 measured from the 
centre of the sphere and the forward stagnation point, respectively, r = a is the 
surface of the sphere. 
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The equations of continuity, momentum and energy can then be written in the 


form 3 p 
—-(pur’ sin #) + — (pvrsin@) = 0. 2:1 
a (F )+ ap (4 ) (2.1) 
ou vou v® ldp 
es pecker _ = 0, (2.2) 
or rood r por 
cv vev wu i  1ep 
u—+ . + + O ——i | (2.3) 
or rod r_ pro 
IO) lf cp vep 
u—+-~=-|u cf + de : (2.4) 
cr reco p| cr roé 


where wu, v are the velocities in the r and @ directions; p is the density; p the pres- 

sure; and 7 the enthalpy. If we assume a perfect gas with constant specific heats 

then 

= z (2 5) 
y-—l1p 

Introduction of the Stokes’ stream function, i, to satisfy equation (2.1), then 

gives the following set of equations: 


oy ap ov ro = 
~-=poersing, — = —pur*sin#, 26 
c eere aaa (2.6) 
cu Cp ; 
a U+ &P r2sind = 0, (2.7) 
cO cw 
ou 1(cp ep : 
vant Ww +t | = 7 pur? sin 6| = @} (2.8) 
00 p\cd oy | 
Ct l1cp 
=-2 (2.9) 


co peo’ 


where # and vy are taken as the independent variables in equations (2.7) to (2.9). 
The Newtonian theory may then be deduced by considering a new system of 
variables 


) ~_ a 
p = f p= P = y= “u’ = —, 
Pa Po UZ U, ,, 
: - (2.10) 
fT ee yf es 0’ =0 | 
p,.U,,0 ae 


All the dashed variables are then assumed of order unity. The equations (2.7) 
to (2.9) then reduce to 


Cp v CV Ci 
=a 0 and ~=0 (2.11) 
cy = a*sing ali] co 


which together with (2.6) then give the Newtonian approximation. The shock 

layer is assumed thin and, hence, approximately spherical. Equations (2.11) can 
then be integrated to give 

| Bat 

7 a*sin@ J, Up) ay + Pep 


8 Fluid Mech. 8 
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wheres denotes values at the shock wave. Using thestrong shock waveapproxima- 


tions we have : : 
eer {sin 39 + sin? £) 
»= 


, % 2.12) 
| 3sind | Pee ( 
where Wy = 4p,,U,,a* sin? €. 
Equation (2.6) then gives 
r—a Psin & 1 —s2 ds 
S aie <7. (2.13) 
a Jo sin3é+s% 


This is then the equation of the streamlines, § = const., and £ = 4 is the equation 
of the shock wave. 


Order of magnitude 


Near 
singular 

Variable Newtonian point 
9? 3 

Pp Pe« if 7 1 €11 
u U +. ¢ é1r 
’ 1 

v U © l 611 

/ 1 _-_* 

pP Pe c © 23 
, ‘ » 2 
VY ap, T . l €i1 
(r—a)/a f ae 
A ] : 
Lar a — il 


TABLE 1 


From equation (2.13), it is clear that at 6 = 47, we have some kind of singular 
behaviour. In fact, we have 


r—a 27 
- ~ —, (4n—9O)-5, (2.14) 
a 36 3 ) 
provided that lim [sin &/ (sin 39)3] > 2. 
7] >han 


Similarly, the pressure on the sphere surface (£ = 0) tends to zero like 
)/ /Q\/1 € | 4 
(2/,/3) (47-8). (2.15) 


The breakdown of the theory is thus associated with the vanishingly small 
pressure at the sphere surface. When this occurs, it is no longer possible to assume 
orders of magnitude for the variables as in equation (2.10). Is it possible, though, 
to determine orders of magnitude for the variables in the neighbourhood of the 
singular point and, hence, obtain a uniformly valid solution in this region? In $1, 
an argument was put forward which gives a uniformly valid form near 6 = 60°. 
This result indicates that near this point, the shock layer has a thickness which is 


order aex and the rates of change along the shock layer are order aexi. A close 
examination of the equations (2.1) to (2.4) then leads to the orders of magnitude 
shown in table 1, where they are also compared with the original orders of magni- 
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tude of the Newtonian theory. We therefore consider a new system of variables 


aes p = akp,U2 Pl0) 


; f (2.16) 





r—a = eraR(z,£), 


where O0-—4n=er%r2 and sing =err€. (2.17) 
Substituting in equations (2.6) to (2.8), we obtain 

¥ og rN 3 4 TN 3 é » 

Cap = QI >” [23 ae (2.18) 


oV Oe) i -(2) Ole) 

qa = €11) and ~ | = €). 
Cz 0z \Q, 

where terms of order «x: have been neglected in the first two equations. These 

equations therefore remain essentially the same as for the ‘Newtonian’ theory. 

At first sight, it would appear that equation (2.9) does also, since this becomes 


1aP /3 Z s 0U 
. aid ae a) ter = 0, 2.19 
ae Bytes (2.19) 


However, the shock layer in the expanded co-ordinate system now extends 
from £ = 0to¢ ~ e‘*rand, hence, it is possible that the terms in ex* can contribute. 
Integrating equation (2.19), we obtain 


a ¢ ye ) J 
| V —€ 17 — it 
z, | Vd 02. 


where suffix s denotes values at the shock wave. 

Now on the shock wave V = U,cos¢, where ® is the angle the shock 
wave makes with the free stream. Now ¢ = 47—6+O(exx) and, hence, 
V = U,{sin@ + O(e**)} on the shock wave. Also, since the value of y% on the 
shock wave is related only to the slope of the shock wave, we have 9 = £ + O(e7) 
at the shock wave. Hence, using (2.16) and (2.18), we obtain 


— 
z 
Vv 


| ede +P, (2.20) 


I 





9 
> = - 
V 3 


“ 


V = €4+O(e*). (2.21) 
Similarly p, = p., U®,(1—e) sin? d 


= p,, U2,{cos? 0+ O(e*)}. 


3 
: . ¥, 3 9 95 
and thus P = lear— 9 z+O(err). (2.22) 
Again €=¢€ =eirsing 
ARO err 
ear 3" (145 "2 (2.23) 
2 (+33 


on the shock wave. 
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Substituting in equation (2.20), we have 


€ 9 Pr. . Pc. 
P - 1¢ Vi ee 2 C2df+ ert Cal 
4 » . ~ . « . ~ 
2 J3Je Vd Je 
t « eee... = 
+ 5 | — ¢dt + Ole*r) 
y* vf i 


— €df+ O(err) 


ve a 3 A 
2 9 ¢3 9 s e 1M OT 


js j33'°J3 Je ez 
ys > C2 2 e/3 wyu e U ee ; 
Vv? 3 3 3 ¢ Cz J 
2 2 1(@ (U\) : 

= at C3 4 = .) +o0(€11). 2.94 
a a8 ALA Lo a 


U 0C/cz oR 
=-s a5 = (5 (2.25) 
J eC/ek C2 } 
2 2 1 (c?R 
and, hence, P=-—-—-2+ $4—[(— + 0(€11). 2.26 
ind, hence V3 3.35 alae ) o(€11) (2.26) 


Thus, the pressure is modified from the Newtonian value which comprises the 
first two terms by a term which depends on the curvature of the streamlines at 
¢ =~. In the expanded system of co-ordinates, € = 00 corresponds to the shock 
wave. 

The distance of the streamlines away from the body is obtained from equa- 


tions (2.18) as 2 ptde 
“ Sac 








B= (2.27) 
3 Jy Q 
Yr = 
1° — fl ie Ae me » Os 
Since a” Q. = 14+ O(ei7) (2.28) 
: > (ode 
we obtain R 7 3 
a: dé (2.29) 
; - = = ‘ (2.24 
3 | Ryne, 2 Pick 
his 33° 4\ ¢2? : 
If we let 2, = R(z,«), then 
2s » dy 
R, = 3 - 
ae i, _ 1 d?R,\s : 1+7° 
a; ae Te 
Sm (d7Rk, 8 .)| -3 
3/8\(d2 /2* “J 
The equation of the shock wave is then given by 
d2R Ss Ss ; : 
ss OE a al Ri. 2 30) 
dz? V3 3/3 
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Near the sphere itself, where € is still small, the equations of the streamlines 
are given by 





.. ae dg (2.31) 
? = ~ - : 2. 
3) 2 (5, 1@R, 2 


where £, is calculated from equation (2.30). 
The pressure is obtained from equation (2.26); and, in particular, the pressure 

on the surface of the sphere is 
2 1 d*R, 


si g\—?) "4 dz" 


(2.32) 

We have thus reduced the problem to solving equation (2.30). It does not seem 
possible to do this analytically; but since equation (2.30) only need be solved to 
give a complete solution, the numerical evaluation can be done once and for all. 
The boundary condition on equation (2.30) is given at z = —oo, where FR, must 
behave like the original Newtonian solution. The details of the types of solution 
of equation (2.30) and the method of solution are given in the Appendix. 

In the original co-ordinate system, the shock wave shape is expressible in the 


form 
r—a 


~ 


= 67% R,le 171(9— 47)], (2.33) 
a 


where R, is the solution of (2.30). 
The surface pressure is given in the form 


p = p,,U®, et P,[e71(0 — 47)], (2.34) 
2 1d*R 
where 2(z) = —z)+ : 
ol?) v3! 4 dz” 
and the streamlines by 
ities = aide 1(0—47), ena sin §], (2.35) 
a 
3 re ({F(z)}4] dct 
where G(z,C) = — > “S 
(2, §) F(z) Jo 1+¢° 
‘ 3,/3 
and F(z) = S 9, (2). 


We see, therefore, that in the limit as ¢ > 0, the shock wave approaches the 
limiting forms of the solution at +2 depending on whether @ = 47. The solution 
to equation (2.30) is such that 


R, ~(-z)-3 as z>-o 


~ 


a as 2z—> +00. 
In the limit of ¢ > 0, we have 


r—a i: 
~e(in—O)-s for 0<4a 
a 


—@ 
and a (9 —47)8 for @> 4n. 
a 
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We can also investigate the behaviour of the streamlines as e > 0. For ¢ = «, 


the streamlines very close to the shock wave are identical with it. However. 
when ¢ is not large the same limiting behaviour occurs when 


24 sin € 


>. (2.36) 
9 1 To ae 1 2 . 
(sen{Ple 11(9 — 377) ]}5 
51) + 
}() 
ac 
| 
~ 940 | 
sins 
@ 
10 
( - 2-0 
164) 
i 5 
0 
| 2 Eceecs: ares —+ 1 1 2 
> | 5 2 | 0 ] 2 


(e— Ir) € -$ 
FiGuRE 2. The shock shape (e-s'x sin § = 00) and the streamlines (¢71'r sin § = const.) 
in the neighbourhood of the singular point (0 = 60°). 
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FiGuRE 3. Pressure variation at the surface of the sphere in the neighbourhood 
of the singular point 0 = 60°. 











36) 


| 











On a singular point in hypersonic flow theory 119 


For @ < 47, this occurs when sak 
Gao > 0, 
and for 6 > 47, when €3(9 — 47)? sin § > ow. 

Hence, for 0 < 47, the streamlines are distributed independently of ¢, whereas 
for 9 > 47, the streamlines approach the shock wave at a rate proportional to 
e+ as € tends to zero. Thus, we see from the equation for the shock wave shape 
that the region of transition from the Newtonian theory to the free-layer solution 
is of order e+, but after separation, the free-layer solution is achieved compara- 
tively rapidly like e~. The pressure along the body surface falls rapidly to zero 
like e2(0 Ss 1ir)-2, 

The solution to equation (2.30) was calculated using the method outlined in the 
Appendix. The results are plotted in figure 2, together with the equations of the 
streamlines computed from equation (2.35). The rapidity of the transition to the 
free-layer solution is immediately evident although the scale of phenomena is 
proportional to e;. The surface pressure is computed from equation (2.34) and is 
plotted in figure 3. In each case, the expanded co-ordinates are used to give 
universal curves for all e. 


3. Physical implications of the theory 

As mentioned in § 1, it has been difficult in the past to try to compare directly 
the experimental and theoretical results, since the discrepancy between the two 
was inconsistent with the original Newtonian theory. It is clear, however, from 
the theory of § 2 that the modification necessary to correct the pressure distribu- 
tion given by Newtonian theory is to take into account the curvature of the 
streamlines relative to the body. To a first approximation, this curvature may be 
taken equal to the curvature of the shock wave. This prediction may be checked 
in a rather interesting manner, for using (2.32) and (2.30) we see that 

Po é 
a OF a (3.1) 
p.Uz — [(rs—a)/a]}* 

The pressure on the surface of the sphere p, is, therefore, related to the distance of 
the shock from the sphere by an inverse three-halves power law. This result is 
plotted in figure 4 for two sets of experimental results: the first in air at M,, = 5-8, 
due to Oliver (1956), and the second in helium at VW,, = 14-0, due to Vas, Bogdonoff 
& Hammitt (1958). 

Direct comparison of the results with experiment is difficult, however, since ¢ is 
never small enough physically for the theory to hold. The transition region, 
discussed in the previous section, in practice spans the region from stagnation 
point to the shoulder of the sphere. Thus, the theory shows that the singular 
behaviour of the Newtonian result will tend in practice to influence the whole 
flow field. Comparison of the pressure with experimental results shows that the 
theoretical predictions are considerably larger than the experimental values for 
€ = | and }. This is due to the singular behaviour influencing the whole region 
including the stagnation region. Since the pressure is in the first approximation 
a linear function away from the singular point (as shown by the first term of (2.32)), 
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this would tend to over-emphasize the pressure in the stagnation region, where 
the Newtonian theory shows a nearly constant value. It should be noted, how- 
ever, that equation (2.30) cannot be used right up to the stagnation point. For, it 
is clear that the factor multiplying d?R/dz? in (2.30) is the momentum flow in the 
shock layer at 4 = 60°. It would be more correct, therefore, to reduce this as the 


1-0 
Slope 
15 \ 
0-5 | 
0-4 f 
0:3 G=60 
% 
. 
UZ \ 
oe 0] 
Air (M,= 58 Helium 
KO5 | M,= 14 
()-()} i 1 4 ‘ 
0] 02 0:3 0405 i}; 15 20 
(7,—@),a 


Figure 4. Experimental results of Oliver (1956) and Vas et al. (1958) 
plotted for comparison with equation (3.1). 


stagnation point is approached to the correct value as given by the Newtonian 
theory at that value of 7. Integration of an equation using this correction and also 
the correct Newtonian pressure distribution shows that a distribution much 
closer to experiment can be obtained. In fact, for € equal to 4 or } a further 
complication arises because the singular behaviour has influenced this linear 
variation even at the stagnation point. This effect is rather disconcerting, since 
the result obtained by using a much cruder equation for the pressure based on 
physical reasoning similar to the above gave a much closer agreement with experi- 
ment (ef. Freeman 1958). Of course, it is now clear that, mathematically, these 
additional refinements are unjustified within the uniformly valid approximation. 


4. Conclusion 


The theory outlined above shows the nature of the solution to the hypersonic 
inviscid flow past a sphere in the neighbourhood of the singular point obtained 
when ¢ — 0 for free-stream Mach number infinite. The result also indicates that 
the curvature of the streamlines relative to the body is the most important factor 
in this region. Although in practice ¢€ is never so small that this part of the flow 
field is independent of the other parts, the limiting form of the solution is of 
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interest in showing how the transition from the initially attached Newtonian 
flow to the detached free-layer solution would occur. 

It is clear from the results that the free-layer solution is reached fairly rapidly 
after the transition region (figure 2). 

It would seem possible to develop similar theories for other bluff bodies, both 
two-dimensional and axially symmetric. The method would be essentially the 
same. A general formulation of the problem for any bluff body would seem to be 
rather complicated, however. 

Perhaps a more interesting development from the above theory could be 
obtained by considering other Newtonian solutions and analyzing the solution in 
the neighbourhood of discontinuities of slope, curvature, etc. In this way, it 
would seem possible to develop a uniformly valid solution in the neighbourhood 
of such points. 

It seems that the procedure developed in this paper is an extremely powerful 
one in obtaining solutions to the hypersonic bluff body problem. If one considers 
that the result obtained by the author in his previous paper (1956) to be 
the fundamental Newtonian solution, then the theory of the type developed 
above may be considered as the solution to a particular problem in a region where 
that solution does not have uniform validity. In a similar way, it is possible to 
obtain other Newtonian solutions by simply requiring that in other limiting 
processes a uniformly valid solution is required. The author has succeeded in 
obtaining the solution for a blunt body originally derived by Hayes (see Hayes & 
Probstein 1959, Chap. 5) and Serbin (1956). 


The author would like to thank Prof. W. D. Hayes and Dr 8S. H. Lam of 
Princeton University for many valuable discussions on this subject. 

The work was carried out at the Gas Dynamics Laboratory, Princeton Univer- 
sity and is sponsored by the Office of Scientific Research, Air Research and De- 
velopment Command, Fluid Mechanics Division, under Contract AF 49(638)-465. 


Appendix 


Solution to equation (2.30) 


We require a solution to the equation 


aR, 8 (Sa\i_. 
ag et =f 3) Ry, (Al) 
az* fe 3/3 
subject to the boundary condition that at z = — oo the solution is obtained by 
neglecting the d?R,/dz? term. 
£ é varia les 323 \ 
A change of variables ee 
‘ Si i7Jii | A ‘ 
grit (42) 
and x=—,;2 | 
Wii ) 
reduces the equation to the form 
1* 1] 
<7 = 2+. (A3) 
da* ys 


It does not seem possible to get an analytic solution to (A3) and hence we must 
resort to numerical methods. The behaviour of the equation (A3) near the point 
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x = —©O is somewhat complicated as can be seen from perturbing the known 
asymptotic form. For, putting 

y = (2) F+y, 
dy, i 


+3(—a)8y, = —12(-—2)3 (A4) 


we obtain 
dz*  * 


neglecting the higher order terms. We see that for x near — oo the above equation 
has complementary functions of the form 

] 
(—2): 


which tend to zero in an oscillatory manner with x but whose derivatives become 


y, ~ s exp{+iq5 3 (—2)s} (A5) 


infinite. The particular integral of (A4) is the solution we require. It is clear. 
therefore, that we must use some procedure to get away from « = —0o before we 
use the normal integration procedure. We do this by using the asymptotic 
solution of (A3) which is 


L 
y = (28S b(-ay, (A6) 
n 0 
where by, 6,, bg. ... are given in Table 2. 
fi b,, 
0 1-0 
l 0:740741 
2 12-0988 
3 — 602-554 
4 60,999-4 


TABLE 2 
This solution is only slowly convergent but it was found possible to use the above 
expansion up to x = —6. The integration was then continued using the usual 
integration procedure up to x = +6, taking intervals of 0-25. 
An asymptotic expansion can also be obtained for large x and fitted to the 
solution obtained by numerical integration. 
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The melting of ice in a hot humid stream of air 


By DONALD L. TURCOTTE 


U.S. Naval Postgraduate School, Monterey, California* 
(Received 13 October 1959) 


By use of appropriate approximations the incompressible stagnation-point 
ablation rate for ice is determined theoretically. The theory includes both melting 
and vaporization or condensation. To verify the theory hemispheres of ice were 
melted in a subsonic wind tunnel with controlled humidity. It is found that the 
effects of heat transfer and condensation are of equal importance in determining 
the melt rate. The agreement between theory and experiment is adequate. 


1. Introduction 

In order to understand the many mechanisms involved in ablation it seems 
appropriate to study some of the simpler problems in detail. It is the purpose of 
this paper to analyse the incompressible stagnation-point melting of ice from a 
hemisphere in hot, humid air. The convective heat transfer to the ice body will 
certainly melt it. However, vaporization or condensation of water can have an 
important effect on the melt rate. The problem considered here is illustrated in 


figure 1. 
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Ice 
FicurE 1. Illustration of stagnation-point ablation. 
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To obtain any solution to the problem many assumptions must be made. The 
work of Roberts (1958) provides an insight into what approximations are valid if 
mass transfer is neglected. In this paper these approximations are applied to the 
problem with diffusion effects included. The diffusion problem of mass transfer 
in boundary-layer flows has been discussed in detail by Lees (1958). 


* Now at Cornell University, Ithaca, New York. 
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2. Theory 


The solution of the incompressible boundary-layer equations for the stagnation 
region of a hemisphere is well known (Schlichting 1955, p. 162). The solution for 
a melting material which does not vaporize has been given by Roberts (1958). The 
results obtained by Roberts indicate what approximations may be valid in the 
present problem. A solution to the present problem will be obtained neglecting 
the presence of the water layer. This is equivalent to the following assumptions. 

(i) The velocity at the air-water interface is small compared with the velocity 
at the outer edge of the air boundary layer. 

(ii) The temperature increase across the water layer is small compared with the 
temperature increase in the air boundary layer. 

(iii) The heat convected away in the water layer is small compared with the heat 
flux across the layer. Having obtained a solution utilizing this approximation, 
its validity will be checked. 

With the presence of the water layer neglected, the boundary conditions at the 
water-—ice interface may be applied at the air—water interface. Since it is assumed 
that the ice is at its melt temperature, the heat transfer ¢,,{/] on the liquid side 
of the air-water interface may be related directly to the melt rate w,; of the ice 
by the relation 

F wl] = pLypws (1) 


\ 


where L, is the heat of fusion for water and p; the density of ice. 

The solution for the air boundary layer, including heat transfer and diffusion, 
may be obtained following the method of Lees (1958). For simplicity air will be 
denoted by the subscript A and water vapour by the subscript B. The enthalpy is 
then defined by h = K yh4+K php», where K , and kK; are the concentrations by 
weight of air and water vapour (A _,+ A, = 1). Near the stagnation point of a 
hemisphere the appropriate boundary-layer equations for the conservation of 
mass, momentum, energy, and species concentration are 


C(xu) ps C(xv) 


a = 4) 2 
eae = (2) 
yo yet 0» Ou 
seis = * v—, i 
Ox cy 4h - cy" (3) 
ch ch v eh L\, <d oK ok 
— + = + D (1 - ) = h > fag = 
” Oa cy acy - A 1 04 'B cy (4) 
cK cK vA 2K 
a" +e" = : = 2, (5) 
0x cy ao cy 


where o is the Prandtl number C, fe/k and A the Lewis number pD , » C, ix. For the 
diffusion of water vapour in air the binary diffusion coefficient D ,,, has the value 
0-240 x 10-3 ft.2/sec. The corresponding value of the Lewis number is 1-20. In 
order to make the above set of equations amenable to analysis the remainder of 
the solution will be restricted to the case A = 1-00. The adequacy of this approxi- 
mation may be deduced from comparison with experiment. 
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In order to reduce the above set of equations to their ‘similarity’ form the 
following set of dimensionless variables are introduced 


- M558) w= gre ” = 2 [S) so 


h = hy — (hy —ho) 9). Ky = Kaw — (Kew — Apo) 2(7)- (6) 
Assuming K ,,,- and h,- to be constant we may write equations (2-5) as a set of 


ordinary differential equations: 


f2—2ff" = 14s" (7) 
" +20fg' = 0. (8) 
n" +2afn' = 0. (9) 


The appropriate boundary conditions are: 
at 7] —, | 3 f =, _— g = n= 0; | 


10 
at v=0, f'’=g=n=1. oe 


Actually vaporization corresponds to fluid injection so that f(0) + 0. But it will 
be assumed that f(0) < 1 so that the flow in the air boundary layer is unaffected. 
If this approximation is not adequate then an iteration procedure can be used to 
obtain a solution. 

The numerical solution to (7) with the boundary conditions (10) is given by 
Schlichting (1955). The solutions to equations (8) and (9) have been obtained by 
Sibulkin (1952). The resultant values for the wall gradients of enthalpy and 


concentration are ch | IU, 
= = 0-812(h, —hyy : 
ey yy (No Ww) Ry (11) 
OK p 
—— - 0-812 12 
oy ly (KA 59 — A pw R- (12) 


where o has been assumed to be 0-700. The differential of the enthalpy may be 
written dh =C,dT + (h—h,)dK ,. Using this relation and the similarity between 
enthalpy and concentration gradients the temperature gradient at the wall may 
be written AY bi Side: hl U, ; 
| le 0-812(T, -Tw) a3 (13) 
To obtain the rate at which the ice melts, the gradients of temperature and 
concentration must be related to the rate at which heat is transferred through 
the water layer. A relation may be written for the conservation of water across 
the air-water interface. The balance of diffusion of water vapour against the 
normal current of water vapour above and water below the interface gives 
(pe)y = (pC) K pw plage 7} (14) 
Cy \y 
This balance is illustrated in figure 2. In a similar manner the energy balance may 
be written. Equating the transport of heat by conduction and diffusion to the 
normal currents of energy in the air and water we obtain 
CT 


; cK CK p\ f 
dwll] = E oy +pD splh, ay thy =2)I. — (pr) Myplg) + (Pe) All). (15) 
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This balance is also illustrated in figure 2. Using the heat of vaporization for 


water defined by L,, = hpw —/hyy[!] and (14) with the condition A = 1, we may 
write (15) in the form 

oT L, 0K, 
iy(l] = k= +pD9<-"-~" 
Gwl!] Oy ly PAB 


* ; (16) 
K ww Cy on 


Combination of (1), (11), (12) and (16) with the condition a = 0-700 then gives the 
stagnation melt rate for a hemisphere of ice in humid air, 
R ) 
w, [= - = 1-160£ H, (17) 
Upv 0; 
where the dimensionless enthalpy transfer parameter H is defined by the 
equation 


i C,(T — 4 w) “ L, c= BY) 


Ly L, 1—K py : , 


It should be emphasized that the numerical constant in (17) is valid only for 
og = 0-700. The only variable in the above result which needs further discussion is 
Kpy- The equilibrium value for A ,,,, would be the ratio of the density of saturated 


oT CK 4 oKR 
x- +pDan(ha , -+hp- - 
cy cy cy wv 





oKR P re k 
y PDaB \ (pv)wKpw air , 
oy \w v \ (pv) whw(g) 
(pv) w water y qw(l) t (pv) whw()) 
(a) (5) 
FIrGURE 2. Mass and energy balances at the air—water interface. 


(a) balance of water mass; (b) energy balance. 


water vapour at the melt temperature (7',-) to the local density. A theoretical 
determination of the departure from the equilibrium value requires a detailed 
analysis of the evaporation and adsorption processes such as that given by Bauer 
& Zlotnick (1958). In the present work it is assumed that the equilibrium value 
is applicable. 

The above solution has been obtained by neglecting the presence of the water 
layer. To check this assumption an approximate solution for the flow and heat 
transfer in the water layer will be found. First, however, the requirement that 
f (0) < 1 will be considered. From (6), (12) and (14) with o = 0-700, it is found that 


_ Kyo— Apw 


f (0) = 0-472 (18) 


1—Kyy 

If the velocity at the air-water interface is small compared with the velocity 
at the outer edge of the air boundary layer then f’(0) < 0. To determine this 
quantity the water layer is assumed to have a thickness 6, independent of x and 
a velocity distribution linear in both x and y, u = Gry. The validity of these 
choices has been discussed in some detail by Roberts (1958). Conservation of 
mass in the water laver gives 


p, Go? = p,w;—(pr)y-- (19) 
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The continuity of stress at the air—-water interface requires that 
. 1 Uy (U5 
G = 2-41~— - 3 20 
' wR se) em 
In the present notation 1(0) = Gad,, so combination of (6), (12), (14), (17), (19) 


: ' ' L 
and (20) gives, with the assumption 1+— = 1, 
Lv 


f’(0) = 11182 2 (EH). (21) 


A similar method may be used to determine whether the temperature at the 
outer edge of the water layer is significantly larger than the melt temperature. 
If gp = (T-—T,,)/(1,—Ty), the required inequality is g,(0) <1. Assuming a 
linear temperature profile 7’ = Ay +7 we obtain 


kA = Gy!) (22) 


for the continuity of heat flux at the air—-water interface. Then using (12), (13), 
(16), (19), (20) and (22), we find that 


7” H3. 23 
97(9) - 565 / (7) ra “T, ) ( ) 


To estimate the heat convected away in the water layer a quadratic temperature 
distribution is assumed for the water layer, 7’ = Ay+ By?+T7,,. The continuity 
of heat flux at the air—water interface gives 


k(A +2B0)) = Gl). (24) 


The difference in energy flux between the air—water interface and the ice—water 
interface is equated to the heat convected away in the water boundary layer to 
obtain the second required equation, 


Gwll] —k, A — (pv) e( Ad, + BO?) = ¢(p;0; — (pr) (GA + $88) 6, (25) 
where c, is the specific heat of water. If a shielding parameter S is defined by 
S = {k,A —qy[l]}/{qrll]}, the convective losses in the water layer may be 
neglected if S < 1. The shielding parameter may be evaluated from (12), (13), (16), 


(17), (19), (20), (24) and (25). Thus 
' cao P /|{¥\ am ina 
S = 0-538¢, -) H?, (26) 
Pals 


The validity of the assumptions will be checked when specific experimental 
conditions are considered. 


3. Experiments 

The stagnation point ablation of a hemispheric model fabricated from ice was 
determined in a subsonic wind tunnel. The experiments were carried out in the 
40 x 36in. closed circuit subsonic wind tunnel at the U.S. Naval Postgraduate 
School, Monterey, California. The humidity of the air in the tunnel was controlled 
by a fine water spray. This method provided a constant moisture content at any 
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level above the atmospheric value. The water vapour content was measured with 
an Aminco—Dunmore electric hygrometer. 

The ice models were cast in hemispherical moulds. Models with nominal radii 
of 2 and 4 in. were used. To obtain reproducible results ice was required which did 
not contain air bubbles. To accomplish this the standard commercial technique 
was utilized. While the model was freezing, air was bubbled through the distilled 
water. The agitation produced ice which was optically clear in the region melted 
during the experiments. For some time before it was used each model was stored 
at a temperature just below 32°F. 

When models which contained air bubbles were ablated deep erosions occurred. 
It is hypothesized that the irregularities in the ice induced transition in the 
external boundary-layer flow; this in turn increased the local heat transfer and 
rate of melting, causing deep cavities. Using ice free of air bubbles, steady 
ablation was observed over the full range of free-stream velocities available. The 


model remained hemispherical. 
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FiGuRE 4. Dependence of the radius and stagnation point positionontime; U, = 237 ft./sec, 
T, = 84:2 °F, pgp = 1-573 x 10-* Ib./ft.*, w, = 1-066 x 10+ ft./sec. 

Quantitative measurements of the rate of ablation at the stagnation point were 
obtained for fixed values of the free-stream velocity, temperature, and humidity. 
The range of free-stream velocities was from 40 to 250ft./sec, the free-stream 
temperature was near 85°F, the free-stream relative humidity ranged from 20 to 
90°, and models with radii of 2 and 4in. were used. During each run the model was 
photographed at regular intervals; a sequence of these photographs is shown in 
figure 3 (plate 1). The screen at the buse of the hemisphere was used to control 
splashing during fabrication. From the photographs the position of the stag- 
nation point was determined using an optical comparator. The radius of the 
hemisphere as a function of time was also determined from the photographs. 
These variables are plotted against time in figure 4 for the same run that is 
illustrated in figure 3. The constant slope of the position curve gives the rate of 
ablation at the stagnation point. From (17) this rate depends on the square root 
of the radius so that any change in slope should indeed be negligible. 

For this representative run the validity of the approximations used in the 
analysis may be checked by using (18), (21), (23) and (26). The numerical values 
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FiGURE 3 (plate 1). Photographs of an ablating hemisphere of ice; U 
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obtained are f(0) = 0-845 x 10-?, f’(0) = 0-182 x 10-?, g,(0) = 1-07 x 10-*, and 
S = 0-135 x 10-*. Since all values are considerably less than one the neglect of 
the water layer and the finite injection velocity at the air-water interface seems 
appropriate for the experimental conditions considered. 
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FrGuRE 5. Dependence of the dimensionless melt rate on the enthalpy transfer parameter: 
T, = 85°F, pro = 0-55 — 1-60 x 10-* Ib./ft., Uy = 40-250 ft./sec. 0, R = 2in.; O, R= 4m. 


All measurements are plotted in figure 5 in terms of the dimensionless variables 
obtained from the theory. Equation (17) is plotted for comparison. The variation 
in the enthalpy transfer parameter was obtained by varying the free-stream 
moisture content. The value of A ,,, was obtained from the density of saturated 
water vapour at 32°F (pp,y = 0-303 x 10-3 1b./ft.3). For all cases considered the 
density of water vapour in the free stream was higher than the wall value so that 
moisture actually condensed at the air-water interface. It is interesting to note 
that this condensation caused from 30 to 70% of the ablation. This rather 


surprising result is due to the large heat of vaporization for water. The agreement 
between theory and experiment seems adequate. 
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Stability of parallel flow in a parallel magnetic field 
at small magnetic Reynolds numbers 


By P. G. DRAZIN 


Department of Mathematics, Massachusetts Institute of Technology 
(Received 1 September 1959) 


The hydromagnetic stability of a basic two-dimensional parallel flow of an 
incompressible conducting fluid in a uniform magnetic field parallel to the flow is 
considered. By use of the generalization of the Orr-Sommerfeld equation for an 
electrically conducting fluid, it is shown that any given small wave disturbance 
can be stabilized by a sufficiently strong magnetic field if the Reynolds number is 
finite and the magnetic Reynolds number small. 

Stability of velocity profiles with a point of inflexion at small magnetic 
Reynolds number and infinite Reynolds number is considered in detail. Per- 
turbation methods are developed to find stability characteristics in two cases, 
when the magnetic field is weak, and when the disturbance is a long wave. These 
methods are applied to the jet and the half-jet, which are both found to be un- 
stable to long-wave disturbances, however strong the magnetic field. Nonethe- 
less, these two flows can be stabilized for any given harmonic disturbance of 
finite wavelength. The analysis of the jet reveals the surprising result that the 
magnetic field makes inviscid long-wave disturbances more unstable. 


1. Introduction 
Michael (1953) and Stuart (1954) were the first to consider the stability of a steady 
two-dimensional parallel flow of a viscous incompressible conducting fluid in 
a uniform magnetic field parallel to the flow. They supposed that the flow was 
bounded by perfectly conducting walls at y = y,, y, (where y, and/or y, may be 
infinite if the flow is unbounded) and took a basic parallel flow with variable 
velocity : 
sad U =(U(y),9,9)  (Y¥ < y < Ye) 
and a uniform parallel magnetic field 


H, = (HH, 0, 0) 


in cartesian components. Following the usual methods of hydrodynamic stability, 
they substituted the velocity and magnetic field of the basic flow together with 
a small disturbance (denoted by primes), say 


u = (u,v,w) = U+u'(x, t) (1.1) 
and H = (H,, H,, H,) = H,+h’(x, 4), (1.2) 


into the hydromagnetic equations for a homogeneous incompressible fluid of 
density p, kinematic viscosity v, magnetic permeability /, electrical conductivity 
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o and magnetic diffusivity A = 1/420. Then they linearized the equations by 
neglecting products of the primed quantities. 

Squire’s theorem that two-dimensional small disturbances of a parallel flow are 
the least stable is valid for a conducting fluid (Michael 1953; Stuart 1954). 
Therefore, in a proposed search for a sufficient condition for stability, only two- 
dimensional disturbances need be considered. Thus w, h, and ¢/¢z can be put equal 
to zero. Now the continuity equation V.u’ = 0 and the Maxwell equation 
V.h’ = 0 of the disturbance imply that there exist functions 7’, y’ such that 


uy’ /Oax, (1.3) 


fod) 
be 
= 
~ 
| 


and hi. = —cy = Oy’ /ox. (1.4) 


Assume that small disturbances can be resolved into dynamically independent 
wave-components by putting 


, 


yr’ = d(y)exp {ia(x—ct)}, yy’ = O(y) exp {ia(x —ct)} (1.5) 


for some complex velocity ¢ = c,+ic; and positive wave-number a. This gives 
a wave with phase velocity c, and logarithmic growth rate «c;; so the motion is 
stable, neutrally stable or unstable according as c; is respectively less than, equal 
to, or greater than zero. 

If the velocity distribution U/(y) has velocity scale V and its space variation 
has length scale L, we can define dimensionless parameters for the flow, the first 


being the Reynolds number 
R= VL}v. (1.6) 


Analogously, we define the magnetic Reynolds number 
R,, = VL/A. (1.7) 


This measures the ratio of terms representing convection and diffusion of the 
magnetic lines of force in the fluid. The ratio of magnetic to kinetic energy is 
measured by ee 
‘ S = (uH?2/87)/4pV?; (1.8) 
S is also the square of the Alfvén velocity divided by V?. It is useful to define 
a further dimensionless parameter 


N =SRy = #-HRL|47pav. (1.9) 


By elimination of the hydrodynamic pressure, and by division of the appro- 
priate dimensions out of the quantities y, U,c, «, dé and 0, it can be shown that the 
linearized hydromagnetic equations lead to 
D ” 9 

- (0" — 270) (1.10) 


(U-—c)0-¢ =-—> 
. aks, 


and (U ~c) ($" 224) — U"p —S(0" 20) = — (g"” — 20°" + a9), (1.11) 


where primes now denote differentiation with respect to y. These equations were 


9-2 
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derived independently by Michael (1953) and Stuart (1954). On elimination of ¢ 
it at once follows that 


7 (D? — a) 8 + (U —c) (D? — a?)? 6+ 4U'"(D? — a?)6’ 
XE yy 

+ 2U"(D?—a?)64+4U"0" +4U0"60' + U'V@ 

R f y 9 9 ad ° 9 

~g— (U0 —c)(* ~ a8) — U"} (*— a0 

Ray 

+ iaR{(U —c)?—S} (D2 — x7)042iaRU'(U —c) 6’, (1.12) 
where D=d/dy. 


The stability characteristics can be found by solving the sixth-order differen- 
tial equation (1.12) subject to the six appropriate boundary conditions. These are 
ap=O0=0' (y = ¥;, Ye), (1.13) 
which makes the velocity vanish at fixed walls, and 
aB=0 (y = ¥;, Ye), (1.14) 
which makes the normal component of the magnetic field vanish at perfectly 
conducting walls. 
For given values of «, R, #,,and S we can (in principle) find the eigenvalue c. If 
c; < 0 we conclude that the disturbance of wave-number « is stable for the given 
R, R,, and S. In practice it is convenient to put c; = 0 and look for the resultant 
relation between a, RP, R,, and NS. 
From equations (1.10) and (1.11) Stuart (1954) deduced the power equation of 
the disturbance 
. 4(u’? + Sh’”) dx = {(- u’v’ +.9hihi) dx 
Dt J - | Y" dy 
lf S [ 
- = (V x u’)*dx — R,, 
This equation is a generalization of the Lorentz power equation for a non- 
conducting fluid. The first integral is the sum of the kinetic and magnetic energies 
of the disturbance, the second the rate of energy transfer from the basic parallel 
flow, the third the rate of viscous dissipation and the fourth the rate of ohmic 
dissipation of magnetic energy. 
To see typical orders of magnitude of the dimensionless parameters, consider 


(V x h’)?dx. (1.15) 


the following approximate values measured in a recent laboratory experiment 
(Murgatroyd 1953) on channel flow of mercury: 


A = 8x 108 cm?/sec, v= 10-%cm?/sec, p = 14g/cm%. 
V = 10cm/sec, L=I1cem, HM, = 10g. 
These give parameters 


Rz i, £210", Nz io". 


The value R,, ~ 10-% suggests the approximation R,, < 1 to simplify the for- 
midable eigenvalue problem we are facing. Accordingly, let us balance the 
magnetic diffusion terms on the right-hand side of equation (1.10) with the 
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convection of the basic magnetic field by the disturbance, i.e. make the 


approximation 0" ~a%9 = — ixR 4,0. (1.16) 


This is equivalent to taking the first term of a power series of the form 


x 
O= ¥ Ri, 9,(y;%, R, N,c), 

n=1 
which is a regular expansion because F,, is the coefficient of terms other than the 
one of highest order in the differential equation (1.12). We shall suppose that 
N remains finite and non-zero as R,, — 0, which requires H, — 0. Then @ can be 
eliminated from equation (1.11) by use of equation (1.16) to yield 


T 


(U —c)(¢" —a2¢) -—U"d+iaN¢d = — =F (SY — 2025" 404d). (1.17) 


This equation was first derived by Stuart (1954). It reduces to the Orr-Sommer- 
feld equation in the absence of a magnetic field. The convection of the magnetic 
field of the disturbance by the basic flow being neglected, the magnetic and 
velocity fields of the disturbance have been separated, and it is only necessary to 
solve equation (1.17) subject to the boundary conditions (1.13) in order to find c. 
# is of order R,, and need not be found from equation (1.16) after ¢ has been 
found. However, the basic magnetic field, being infinite as R,, > 0, affects the 
velocity of the disturbance and requires the addition of the term ixN¢ in the 
Orr-Sommerfeld equation. 
The assumption R,, = vR/A < | also requires 
R<Alv (=6x10® for Hg). 


In spite of this limitation of the range of Reynolds number, we shall consider later 
the inviscid form of the Stuart equation (1.17), namely 


(U —c) (6" —a2d) —U"p tiaNd = 0 (1.18) 


T 


together with the inviscid boundary conditions 


ap=0 (Y = %, Yo) (1.19) 


f 
representing zero normal velocity at the walls. The justification is that the 
solution of the inviscid equation (1.18) will give an asymptotic solution to the 
Stuart equation (1.17) for large aR, as the Rayleigh equation gives one to the 
Orr-Sommerfeld equation. In many cases this asymptotic solution should not 
differ much from the viscous solution in the range of chief practical interest, 
where R is as large as 10*. Our knowledge of equation (1.18) for V = 0 suggests 
that these cases occur when the velocity profile has a point of inflexion, i.e. when 
the inviscid flow as well as the viscous flow is unstable. Also Stuart (1954) 
adapted Lin’s method combining the ‘inviscid’ and ‘viscous’ solutions of the 
Orr-Sommerfeld equation, so the study of inviscid hydromagnetic stability is at 
least an important preliminary to the viscous problem. 

It is to be expected that the effect of the longitudinal primary magnetic field is 
generally stabilizing. This idea is made precise and it is shown (§2) that, for 


Ry “s 73 7 PISI5G y2 Tryay 
N3 > 27R/{256 a?(max. U’)*} 
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is a sufficient condition for stability. After §2 we continue to take R,, = 0, but 
take R = oc as well. 

For velocity profiles with a point of inflexion there is a neutrally stable solution 
of the Rayleigh equation. It is of the form ¢ = ¢, (y), a? = a + 0,c = U,, where 
U,, is the value of U at the point of inflexion. The perturbation for small N of this 
known solution for N = 0 is considered in §3. A general equation of the tangent 
to the curve of neutral stability (i.e. the curve c;(a?, NV) = 0) at («?,0) in the 
(«?, V)-plane is found. The tangent is inclined downward, so the local effect of the 
magnetic field is stabilizing. 

In §4 an approach to the problem for small values of the wave-number is 
described. 

The analysis of §§3, 4 gives a rough idea of the relation between « and N for 
each value of c;, and for c; = 0 in particular. This relation could be plotted as 
curves of constant c; in the («, V)-plane. We can find the values of c; on the a-axis 
by solution of the Rayleigh equation. We can find the values near («,, 0) from § 3, 
and for small « from § 4. This may lead to our chief aim—to find if there is some 
critical value of N above which the flow is stable to disturbances of all wave- 
numbers. The solution for small « may show that this critical value does not 
exist, i.e. that for any value of N there exists some « for which the flow is unstable. 
[f.N has acritical value, it may be found by an explicit solution or by computation. 

The ideas of §§3, 4 are applied in §§$5,6 to two important types of velocity 
profile with a point of inflexion and with vy = 0. Helmholtz flow (unbounded 
uniform parallel flow with a single discontinuity of velocity) is found (§5) to be 
unstable for all values of the magnetic field at R,, = 0. Thus there is no critical 
value of N. However, the magnetic field makes the flow less unstable. Helmholtz 
flow is used to approximate the half-jet (with U = tanh y, say), which is shown to 
be unstable similarly. 

Also a broken-line velocity profile is used ($6) to approximate the jet (with 
U = sech?y). This flow is unstable however large the magnetic field. For small 
wave-numbers it is found that the magnetic field increases the instability. This 
surprising result is discussed after the general conclusions of $7. 


2. Sufficient conditions for stability 

Some fundamental stability characteristics of the viscous flow can be found by 
generalizing Synge’s (1938) sufficient conditions for stability of parallel flow. We 
adapt this method for the Orr-Sommerfeld equation (see also Lessen 1952) to the 
Stuart equation. Thus the power equation (1.15) for R,, = 0 can be written, after 
use of (1.16), as 


[24 20272 + a4]? = — VaR(Q—Q*) —aRe,(I3 + 2202)—22RNE. (2.1) 


= 
where P= | ld™d/dy"|?dy (n = 0.1, 2). (2.2) 
“WV 
"Us co 
Q= | (Ud P+@2U+U") |sP}dy+ | U'9'd*dy. (2.3) 
“NN 7 in 


and an asterisk denotes a complex conjugate. 
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For inviscid fluid (R = 00), this becomes 


V2 
(15 +072?) = } 40U'(0'p* — b'*G) dy -—aN Ij. (2.4) 


“1 


Therefore the flow is always stable if 


aN > max. ( [aie '(p'p* — g'p)dy/ | Islay). 
“Wy “U1 
the maximum being with respect to any class of functions including the eigen- 
functions of the inviscid equation (1.18). Unfortunately equation (1.18) has 
a singularity where U = c and is not complex self-adjoint, and so does not appear 
to have a variational principle suitable for computation of eigenvalues. 
Returning to Synge’s method, we can deduce from equation (2.1) that a suffi- 


cient condition for stability (c; < 0) is 


qaR < min. {([2 + 2a7/? + a?(a2+ RN) I2)/1, Tt. (2.5) 
where q = max. U’, (2.6) 
because 41Q-Q*| <qhi, 


by Schwarz’s inequality. To exploit waite (2.5) further, Synge noted that 


y. 

Us 9 E 
b+ yp! + 10") (+ ys +n8"*) dy >0 (2.1) 
i ( Y \\ Ye —th 


for all real Z, 7. We must add the proviso that y,—y, < 0. If one or both of the 
boundaries are at infinity, we can use the modifications of Lessen (1952), whose 
strongest result comes with = 0. The cases of bounded and unbounded flow can 
be combined by putting = 2£/(y,—y,), which must be zero for unbounded flow. 
Therefore, on integration of the inequality (2.7) by parts and on further use of 
Schwarz’s inequality, 
nh > (Ey — 2+ 2m) 134 (E-1) BB (2.8) 
Combination of the inequalities (2.5) and (2.8) shows that the motion is stable 
provided 
yaRe, (I? + a7I2) < n*qaRI, I, — 1}(2x2n? + Ey — £7 + 2y) 
— [2(y?at+ a?y?RN+E-—1). (2.9) 
Stability is assured if the right-hand side is negative definite, i.e. if 
(n?gaR)? < 4(2a%y? + £4 —&? + 29) (x4y? + e®@RN7y*? + § —1) (2.10) 
for all real £, 7 satisfying 
2a2y? + fy —E?+2y > 0, aty?+a?RNy?+E-—1 > 0. (2.11) 
Note that the inequality (2.10) is weakened if we put NV = 0. 
For bounded flows we can get 


(qR)? < 8(a2+ 1) (a2+ RN) (2.12) 
when £ = 1 = 9, and 
(qR)? < (2a?+ 1) (424+ 4a?RN + 1)/a? (2.13) 
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when € = 2 = 7. These two inequalities limit the region of possible instability in 
the («, R)-plane for each value of N, inequality (2.12) showing that the flow is 
stable if R < 8N/q?. 

For bounded or unbounded flows we can put € = 0, 7 = (3/RN)4/a in inequality 


2.1¢ 
(2.10) to get N3 > 27R/256 a2g!. (2.14) 


Thus, given any finite R and « + 0, we can find N such that the disturbance is 
stable. 


3. Perturbation of the neutral solution of Rayleigh’s equation 


Rayleigh proved that, if the equation 
$" — ab — 7 —— = 0 (3.1) 
has a neutral eigensolution (i.e. one with an eigenvalue c; = 0), then 
U"(y,) = 9 (3.2) 


at some point ¥, of the flow. Later Tollmien showed that when (3.2) is satisfied 
there exists an eigensolution 


3S 


g=¢, c=U,=Uly,), «=a,> 09, (3.3) 


8 


for certain functions U(y), where ¢, is real. A perturbation of this neutral 
oscillation with non-zero wave-number (carried out first by Tollmien, and later 
by Lin) establishes the existence of amplified oscillations with slightly different 
wave-number. Lin (1955) has given the following formula, which we shall use: 


“Vs “Y. Kd? 
(de/da*)._.. = | otdy} [ly | = dy +inK(y,) By) (3.4) 


¥ Vy 
where ‘§ denotes the principal value of the integral and 
kK —U"(y) fl (y) —U., (3.5) 

K being positive for the profiles uader consideration. The sign of the imaginary 
term in (3.4) depends on taking tne limit c; -> 0 through positive values in order to 
get the correct inviscid limit of the viscous solution. 

Our aim is to perturb the neutral solution (3.3) in order to find the stability 
when the magnetic field is weak. So uset the Taylor series 
ce ce l (a2 2): Cc (3.6 
ie , — + 0 Spee \iemrceeence te ae 0.0) 

ca Oo(aN) 2! C(a?)? 


tne derivatives all being evaluated at « = a,, N = 0. Then a neutral disturbance 
with « + a,, N + 0 must be such that 


as 42-44, (3.7) 


We shall now find ¢c/¢(a.) and combine it with the relation (3.4) for ¢c/¢a}_,, yo 


+ This method is analogous to that for large Reynolds number used by Lessen & Fox 
(1955). 
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Subtract the product of ¢, and the eseeaae 


from the product of ¢ and the equation 
$s — 29, — 2 j d, = 0. (3.9) 
Then, on integration between the boundaries, we obtain 
ia, N i " — dy = a Re (3.10) 


On taking the limit c > U, such that c; > 0 through positive values, it can be 
shown that 
ce 


ee y.)| 
a(aN) =—1 8 [ot yy ty + ids ( Ms) 


a=as, N=0 


les rie K¢; | 
+ i$ | S dy +inKly 3) Pe(Ys)) - (3.11) 
Oe a ”" 
Combination of equations (3.4) and (3.11) with the limit (3.7) gives the tangent to 
the curve of neutral stability in the («?, N)-plane at the point (a2, 0) as 


: on 2 Yo 
5 eee Ky ) b2(y,) | ae dy 
- lay Ps bs gy " EG, dy +mK(y,) d4(y,)\- (3.12) 
"Jy, U- |, 0-G, sie 


In cases of interest we shall find that these integrals are positive or zero, so that 
a? decreases from a? as N increases from zero. A disturbance with wave-number 
a < a, is unstable when N = 0 and, it now appears, is neutral for some N > 0: 
thus the effect of a small magnetic field is stabilizing. 


4. Solution for small wave-numbers 
When ¢ is small the disturbance is a long wave, and the disturbance velocity is 
nearly parallel to the basic flow because 
v’ = iadexpfia(x—ct)}} > 0 as a2+0. 
On the large scale of a long wave the detailed structure of the velocity profile is 
unimportant in determining the stability characteristics. This property in the 
absence of a magnetic field is illustrated by a comparison, made by Carrier (cf. 
Esch 1957), of the stability properties of various forms of the velocity profile of 
the half-jet. He showed that the three unbounded profiles 
i fyllyl Cyl > 2) 
U = y/\y}, d 
ron | 
Ly (ly| < 


have the same inviscid eigenvalues (c > +7)asa — 0. In fact the velocity profiles 


2erfy—1 (4.1) 


(() | > 1), 0 y| > 1),) 
u =| (ly! Ms | m: (ly! ‘| sech? y (4.2) 


(1 (yl < 1), U-|yl (ly < 
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of a jet have similar stability characteristics (¢ ~ + ai, +(a/3)2i, + (2a/3)!i, 
respectively) as a > 0. 

The addition of the magnetic field does not affect any term involving a deriva- 
tive of U in the inviscid equation (1.18). Therefore, in looking for the stability of 
the half-jet and jet to long-wave disturbances, we may use the simple first profiles 
of (4.1) and (4.2) rather than the complicated third profiles. Other flows can be 
approached in this way, as first demonstrated by Rayleigh (1945). 


5. The half-jet 
Consider the velocity profile 
U=y/ly| (o>y> —o) (5.1) 
as a limit of the smoothly varying profile of the half-jet. This case has been 
treated by Michael (1955) for R,, = « and by Nisbet (1960) for a two-fluid model 
for all values of Ry). 

There is a discontinuity of the solution at y = 0. As with ordinary Helmholtz 
instability (cf. Rayleigh 1945), the condition that a particle stays in the interface 
y = Yoexp {ta(x—ct)} 

is Y, = —{$/(U —c)}, <0 
to first order of the small disturbance. Therefore ¢/(U’ —c) is continuous at y = 0. 


From equation (1.18) 


p 


[(U-e)g’- UP], = | {aU —c)-iaN} pdy. 


We are supposing that the smoothly varying profile tends to the broken-line 
profile (5.1), during which limit the integrand on the right-hand side is bounded. 
On letting ¢ > 0, it follows that (U —c)¢’—U’¢ is continuous at y = 0. This 
condition could be alternatively proved (cf. Rayleigh 1945) by the continuity of 
the hydrodynamic pressure across the interface. 
For the velocity distribution (5.1) 
(+1—c)(d”—a4)+iaNdG=0 (+y> 0). (5.2) 
Now ap>O as y>+, 
because the disturbance must die away at infinity. Therefore 
Aexp{—yla?—iaN/(1—c)]#} (y—>0). 
=! pt-yl aa) (5.3) 
| Bexp {y[a2?+iaN/(1+c¢)]#} (y < 0), 
where the square-roots are chosen to have positive real parts. The continuity of 
¢@/(U —c) and (U—c)¢’—U'¢ at y = 0 implies that (U —c)? 4'/d is continuous 
there; whence it can be seen from the solution (5.3) that the eigenvalue relation is 
(1 —c)® [a2 —iaN/(1—c)]#+ (1 +c)? [a?+iaN/(1+c)} = 0. (5.4) 
i.e. f(c) = —te(1 +c?) + (N/4e) (1+ 3c?) = 0. (5.5) 


We can tabulate the key points of this cubic on the imaginary axis as follows 


ct —x -1 — 1/33 0 1/33 1 +00 
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It can be seen that all three roots c,, c., c, are pure imaginary, with 
—-0o<¢,<—1l, —1/8t<c,.<0, 1/3? <¢,< 1. 


If VN = 0, c; = +1 or 0. The roots c = +2 are those found for Helmholtz 
instability with no magnetic field. The other root c, = 0 is inadmissible because it 
comes from implicitly using a square-root with negative real part after squaring 
equation (5.4). 

If «/N 0, then c > +1/3 or —3iN/4a. Discarding the root c,, we get 


c~i/3t or —3iN/4a. (5.6) 


[In all cases the flow is unstable. because c;, > 0. As NV increases from zero to 
infinity, c;, decreases from 1 to 3}. Thus the magnetic field makes the flow less 
unstable. 

We can take : ot 

U=tanhy (o@>y> —x) (5.7) 
as a smoothly varying representation of the velocity profile of the half-jet. The 
neutral eigensolution of the Rayleigh equation is then (Curle 1956) 


g,=sechy, a4,=1, c=0. (5.8) 
Therefore y, = 0, d(y,) = 1, K = 2sech*y and the analysis of §3 gives 
N ~ 2(1—<2?)/7 (5.9) 


as x —> 1 on the curve of neutral stability. 

The result _ 
c>3-4i or —}iN/a as a >0 (5.10) 
for Helmholtz flow has been shown in §4 to apply to the half-jet. This can be 
laboriously verified by use of the second velocity profile (4.1). In all cases (5.10) 
holds, showing that the half-jet is unstable. however strong the magnetic field. 


6. The jet 


The velocity of the broken-line jet 


Uy = (9 (\y| > 1),) 


* 5.1 
li (ly| < ),) ~~ 


is an even function of y. Therefore the even and odd parts of ¢ are separable in 
equation (1.18) and can satisfy the boundary conditions separately. We shall 
consider even ¢ (corresponding to an antisymmetric disturbance) only, because 
it can be shown (in the same way as for even ¢) that odd ¢ give rise to weaker 
instability. Therefore, in looking for a sufficient condition for stability, we take 
the even solution of equation (1.18) which satisfies the boundary condition at 
infinity. This solution is defined by 


(Dexp {[a?+iaN/c}#(1—y)} (y > 1), ) 
| E cosh {(a?—iaN/(1—c)}ty} (1 >y2>0).J 


ie 
d= 
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Also (U —c)?¢'/é must be continuous at y = 1, by the interfacial boundary 
conditions. Therefore 


—c{a2+iaN/c]t = (1—c)®[«?-iaN/(1—c)]} tanh [a?—iaN/(1—c)]. (6.3) 
If V = 0, we get Rayleigh’s solution with 
e = 1/(1+icoth} a) (6.4) 


and therefore instability for all «. If we fix N + 0 and let x — 0, it can be shown 

that ae ; ; : ; : ; 
‘ c/(aN)' > it = 4(34+%), 4(-—34+%) or —-i. 

The second root is inadmissible because it corresponds to the square-root on the 

left-hand side of equation (6.3) with negative real part. i.e. to an exponentially 

increasing disturbance as y > «0. Therefore 


c~ —i(aN)t or 4(3!+i)(aN)} as «+0. (6.5) 


The first root is stable (c; <0) and must join up with the stable root 
c = 1/(1+i{cotha]}) of equation (6.4). But the second root is unstable and 
becomes more unstable as N increases. Thus we have found an unstable solution 
for all values of N, and the flow is therefore unstable. The strange circumstance 
that the magnetic field increases instability is discussed in § 7. 

The continuous velocity profile of the jet (as found by Bickley—see Savic 1941) 
- U=sech?y (co >y> —0), (6.6) 
and the neutral even eigensolution of the Rayleigh equation is 


! 


4S — gaah2 ak cae ay 
d, =sech*y, a,=2, c= §. (6.7) 


8 


After a little integration and computation, it can be shown that for this case 
equation (3.12) gives 


N = 6n(4—22)/{2n? + 81[1 + 3-4 In (2 + 34)] [24+ 3-3 In (2+ 34)]} 


= 0-045(4 — x?) (6.5) 


for the tangent to the curve of neutral stability at (4,0) in the («?, )-plane. The 
steepness of the gradient of the line indicates a strong stabilizing influence of the 
magnetic field. 

For small « we expect qualitative agreement with the limit (6.5) of ¢ for the 
broken-line jet. That limit can be confirmed by use of the second profile (4.2). 


7. Conclusions 

The results of §§5,6 can be pieced together to give a good picture of the 
inviscid stability characteristics of the half-jet and jet. The solution of the Ray- 
leigh equation gives c; on the «-axis in the (~, V’)-plane, and, in particular, it gives 
c; = 0 at (a,, 0). The analysis of §3 has been used to give the curve of neutral 
stability near (a,, 0). If the curve leaves this point and eventually passes through 
the origin or cuts the N-axis, there will be a critical value of N above whichc; < 0 
for all «. In fact this is not so for the half-jet or jet, since we have shown in §§ 5, 6 


that these flows are unstable for small «, however large V is. Now the sufficient 
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condition (2.14) for stability implies that, for given finite R and non-zero «, the 
flow can be stabilized. Therefore, for given a + 0, it can be stabilized at infinite 
Reynolds number by the argument of continuity. In this way it is deduced that 
the curves of neutral stability for the jet and half-jet have the form shown in 
figure 1, with no critical value of NV. 

Finite viscosity and magnetic diffusivity cannot be expected to stabilize long- 
wave disturbances, because the viscous and diffusion terms in the hydromagnetic 
equations involve second derivatives of the disturbance fields. However, there 
are alleviating circumstances that might give stability in practice. First, only 
long waves are unstable, and disturbances of great wavelength are not often 
excited by slight irregularities in an experiment. Secondly, the growth rate 
exp (ac,t) of the disturbance is small, because c; is O(«!) for the jet and O(1) for the 
half-jet as 2 > 0. Therefore unstable disturbances may be carried downstream 
before they have time to grow appreciably. These qualitative ideas indicate that 
jets may be stabilized in practice, the half-jet being more unstable than the jet. 





N 





O 


FicurE 1. Conjectured form of the curve of neutral stability 
for the jet and half-jet. 


It was found in §6 that the jet was unstable, with c; ~ 4(aN)! as a > 0, for 
R, = 0, R = wand finite N + 0. Therefore, if N is increased, c; increases, i.e. the 
flow becomes more unstable to long-wave disturbances, contrary to our impression 
of the stabilizing tendency of magnetic fields. It should be remembered that this 
result is invalid if N is O(a) or O(1/a). 

We should really be no more surprised at the creation of instability by the 
magnetic field than that by viscosity (the latter effect being known to occur under 
certain circumstances). In the complex dynamics of the flow, the magnetic field 
modifies the disturbance so that there is simultaneously magnetic energy dissipa- 
tion and a different energy transfer from the basic flow to the disturbance by the 

Xeynolds stress. Indeed, if the magnetic field were only a stabilizing agent, there 
should be an extremal principle for the energy as proof, contrary to the inconclu- 
sive power equation (2.4). 

To verify this interpretation, we may use the power equation to give the rate of 

energy transfer from the basic flow per unit length in the z-direction as 


Ay 


P= : Tt (dU /dy) dy, (7.1) 


. t 
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where the (dimensionless) Reynolds stress is 


] 27 
T= -—uy' = -—— [ u'v’ da 
27 Jo 
= fin eg" — 4/6) (7.2) 


(we discount the magnetic Reynolds stress Sh’ hi because |h’| = O(R,,¢) when 
Ry, is small). 
For the broken-line jet (6.1), 
dU /dy = 6(-—1)—4(1) 
in terms of the Dirac 6-functions; also the disturbance found in § 6 is anti-sym- 
metric. Therefore P = —2(7),... (7.3) 


Use of discontinuous profiles such as (6.1) leads to ambiguity (for flows with or 





’ 


without a magnetic field) because even though ¢/(U—c) and (U—c)d¢’ are 
continuous, (¢¢’* — 4’d*) is discontinuous if c; + 0. Thus use of discontinuous 
profiles cannot give precise information on the second-order quantity 7. However. 
we can find the trend for a smoothly varying profile of the jet U = sech?y by 
evaluating 7 on both sides of the discontinuity of the known solution (6.2). 

It can be shown from § 6 that | 
.) = —|D|? Im {[a? +iaN/c}}} 
jc(1—c*) 
\c*(1—c) 
according as y > | from above or below respectively, for the arbitrary constant D. 
If x +> 0 for given N + 0, the unstable mode found in § 6 has c ~ 3(3! +i) (a@N)!. 
Therefore (7),,-»1/[(a3N)* |Dl2exp {(atN teh] > —4 or —-2. 


On both sides 7 is negative, so the tendency of the magnetic field is to increase the 


or ~|D|? Im [a?+iaN cH), 


energy of the disturbance, as shown by equation (7.3). 


[am very grateful to Prof. C. C. Lin for helpful advice and criticism throughout 
this work. It has been sponsored in part by the Office of Naval Research under 
contract Nonr 1841(12) with the Massachusetts Institute of Technology. 
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The development of turbulent boundary layers with 
negligible wall stress 


By A. A. TOWNSEND 


Emmanuel College, Cambridge 
(Received 25 September 1959) 


In a recent paper, Stratford has described a turbulent boundary layer with 
continuously zero wall stress and has developed a theory to describe the flow 
based on two assumptions. The first is that the flow in the outer part of the layer 
is affected only by the original Reynolds stresses during the initial development, 
and the second is that flow in the equilibrium layer close to the wall is determined 
by the pressure gradient and is independent of upstream conditions. In this 
paper the same assumptions are used, but more careful consideration of their 
limitations has led to the elimination of some inconsistencies in the original work 
and to a theory that gives a better description of some of the experimental results. 
The principal results are: (i) a criterion for zero wall stress in an adverse pressure 
gradient of sufficient strength, (ii) the form of the pressure distribution for a self- 
preserving flow with zero stress, (iii) the mean velocity distribution in this flow, 
(iv) an estimate of the constant in the ‘square-root’ velocity distribution for flow 
near a wall with zero stress. 


1. Introduction 

The prediction of the course of development of a turbulent boundary layer in 
an arbitrary adverse pressure gradient is a problem of considerable practical 
importance in engineering, and a number of methods have been developed, some 
of which lead to reasonably accurate results. The more recent and successful 
methods take notice of the existence of a ‘constant-stress’ layer near the surface 
and approximate to the velocity profile by a combination of a logarithmic wall 
profile and an outer profile, but the combining of the two parts has been an 
arbitrary procedure justified only by results. Stratford (1959qa), in a very inter- 
esting paper, points out that, in a boundary layer subjected to a severe pressure 
gradient over a short distance, the outer profile is determined by the initial 
profile and the pressure rise, and he goes on to develop a very simple criterion for 
zero stress by combining this observation with a deduction of the wall profile for 
zero stress. The significance of this work is not that it provides a more accurate 
prediction of pressure rise to separation than other methods (in fact, it is less 
accurate), but that it is founded ona physically acceptable model of the boundary- 
layer motion and that results derived from the model should have very wide 
validity if the nature of the underlying approximations is kept in mind. Although 
this work marks a step forward in the replacement of assumptions made for 
mathematical convenience by assumptions conforming to physical reality, the 
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assumptions that the initial profile has a power-law form, that the junction of the 
wall profile and the outer profile is necessarily smooth, and that the wall profile 
‘an extend to the outer edge of the layer, fall short in this respect and cause some 
inconsistency between the theory and the experimental results. This paper 
presents an alternative version of the theory that leads to a more consistent and 
complete description of the turbulent boundary layer with zero wall stress 
(Stratford 19595) and that is consistent with present knowledge of self-preserving 
boundary layers. It is. in fact. a commentary on the original work of Stratford 


2. Notation 


Turbulent boundary layers on a flat, smooth surface are considered using 
Cartesian co-ordinates to describe the flow. The axes are chosen so that Oz is in the 
surface and in the direction of mean flow (assumed two-dimensional) and Oy is at 
right angles to the surface. Then 


iv; ee are the components of mean velocity 
u,v, Ww are the components of the velocity fluctuation 
P is the pressure at the wall y = 0 
Ts is the shear stress at the wall 
U, is the free-stream velocity 
dP aU, .. aad , 
U, is the longitudinal pressure gradient 
dx dx 
U, is the free-stream velocity at 2 = 2, the beginning of the adverse 
pressure gradient 
Cy = 274/02 is the local friction coefficient, immediately upstream of 2, 
c, = 1—U}/Uj_ is the pressure recovery coefficient 
y= riI(Kl >) is the local friction parameter 
K is the Karman constant 
Ko is the constant in the velocity profile for zero stress 


R = [16(x)/T (xo) }* 
6=yvrTotexp(y~!—A)_ is the boundary-layer thickness at 2, 


n= y/d is a non-dimensional co-ordinate 
Vr is the effective eddy viscosity for the outer part of a self- 
preserving boundary layer 
DY ee : : : 
R. = ((,—U)dy is a flow constant, equivalent to a Reynolds number 
Van 
TJ 0 


based on the eddy viscosity 


Validity of the boundary-layer approximation is assumed. 


3. The two-layer model 


It is well known that the turbulent flow very close to a solid boundary is very 
different in nature from the flow near the outer edge of a boundary layer, and that 
one reason for the difference is that the wall flow has a high rate of energy 
dissipation and so is nearly in a state of equilibrium determined by local condi- 
tions while the outer flow has a low rate of dissipation and its structure is de- 
pendent on conditions far upstream of the point of observation. In general, the 
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parts of the flow which have these properties in the purest forms can develop 
almost independently (e.g. entering upon a region of strong pressure gradient, 
modification of the wall flow is nearly instantaneous while the outer flow is 
modified at a much more gradual rate), and the first useful approximation for the 
description of a turbulent boundary layer is to represent it as the juxtaposition 
of an inner wall flow and an outer edge flow, neglecting the blending region within 
which the dissipation is neither large nor small. In the real flow, interaction 
between the two parts of the flow takes place in the neglected blending region. 
and this can be described in the model by imposing suitable conditions at the 
junction. If the layer is self-preserving, this distinction between the layers is 
expressed by assuming the velocity distribution in the outer layer to be that 
arising from constant eddy viscosity in the outer flow and a logarithmic distribu- 
tion of velocity in the inner layer (Townsend 1956a; Clauser 1956), and this leads 
to satisfactory results if the junction is assumed smooth. If the layer is not self- 
preserving, the assumption of constant eddy viscosity must fail (in the outer 
layer, ‘turbulent fluid’ behaves like a visco-elastic fluid with a comparatively 
long relaxation time), and the junction conditions require special consideration. 

Consider the changes in a turbulent boundary layer as it flows into a region of 
severe adverse pressure gradient after a period of development in favourable or 
zero gradient, and choose the origin so that x, the start of the pressure gradient, 
is equal to the distance from the leading edge at which a boundary layer de- 
veloping in zero gradient would have the same friction coefficient. Initially, the 
stress gradients are of order 7,/0, and the criterion of severity is that accelerations 
due to the pressure gradient should be large compared with 7/0, i.e. 


é dc 
cp < "(a v) (3.1) 
and. since 6/2, is of the order of cz, this requirement is satisfied if 


toa? > cj. (3.2) 
In a flow satisfying (3.2), the total head is very nearly constant along streamlines 
except in regions where stress gradients have increased very considerably. This 
will happen first very near the wall, where the rate of dissipation of turbulent 
energy is so large that any reduction of the energy supply by retardation of the 
mean flow leads almost instantaneously to lower levels of turbulent intensity and 
to lower Reynolds stresses. Further from the wall, the rate of dissipation is less, 
and an appreciable change in Reynolds stress will take longer and the stress 
gradient will not become comparable with the pressure gradient so close to the 
start of the expansion. Sufficiently far downstream, supposing the layer to be 
still attached, the Reynolds stresses will be modified on all streamlines and will 
be determined more by the pressure distribution than by the initial values. These 
effects are illustrated in figure 1, which shows the variations of Reynolds stress 
with stream function at various distances from the beginning of the adverse 


gradient. 
10 Fluid Mech. 8 
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It is useful to distinguish three stages of development. In the initial stage, 
Reynolds stresses have been modified only in a thin layer close to the wall and 
this layer forms an equilibrium layer within which the flow is substantially 
determined by the local wall stress and pressure gradient. The remainder of the 
flow has been acted on only by the pressure field and, to a small extent, by the 
initial Reynolds stresses. Further retardation causes the region of modified 
Reynolds stress to form an appreciable part of the whole flow, and then only a part 
of the modified region is in a state of wall equilibrium and has a structure inde- 
pendent of upstream conditions. In the last stage of development, Reynolds 
stresses over the whole layer have been affected by the retardation, and it may 
happen that flow becomes self-preserving and independent of the initial flow. If 
this occurs, past experience suggests that Reynolds stress and mean velocity 


Shear stress 











Stream function 
FicureE 1. Distributions of shear stress in a boundary layer entering a region of strong 
adverse pressure gradient. (1) Initial distribution at x = x,. (2) and (3) Initial stage of 
development. (4) and (5) Intermediate stage: modified stresses no longer confined to 
equilibrium layer. (6) Final stage: stresses modified everywhere. 


gradient will be related through a coefficient of eddy viscosity in the outer layer. 
It follows that there are means of inferring the distributions of mean velocity 
both in the inner and outer layers if the layer is either in the initial stage of 
development or in a stage of self-preserving development, and a complete descrip- 
tion is possible if the position and nature of the junction can be determined. 
Two necessary conditions that must be satisfied at the junction are continuity 
of mean velocity and of Reynolds stress, as is easily seen by remembering that the 
neglected blending region has properties intermediate between those of the inner 
and outer layers. If mean velocity were discontinuous in the model, the mean 
velocity gradient in the blending region would be abnormally large, which would 
lead to abnormally high (or low) rates of production of turbulent energy and to 
abnormal Reynolds stresses. It follows that the inner and outer velocity distribu- 
tions, when produced, intersect in the blending layer. Similarly, a discontinuity of 
Reynolds stress would lead to abnormal acceleration of the mean flow and the 
distributions of Reynolds stress must also intersect in the blending region and be 
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continuous in the two-layer model. In the initial stage of development, these two 
conditions are sufficient to determine the nature of the junction and any further 
condition is redundant, but a third condition must be imposed in the self- 
preserving stage of development. The reason for this is that stress gradients are 
then not negligible and, if the flow obeys the equation of mean motion, continuity 
of velocity implies continuity of stress. In the initial stage, Reynolds stress 
gradients are negelected in the equation of mean motion and, to this approxi- 
mation, Reynolds stress and mean velocity are capable of independent variation. 
The third junction condition, applicable only to self-preserving flows, is usually 
taken to be continuity of mean velocity gradient, equivalent to continuity of 


effective eddy viscosity. 


4. Wall equilibrium for zero wall stress 

The concept of the equilibrium layer was first developed for the constant-stress 
layer, but it is capable of considerable extension to flow along any boundary on 
which the mean velocity is specified. Sufficiently close to any solid boundary, the 
convective terms in the averaged equations of motion are negligible compared 
with the stress terms, and the equations reduce to 


Cuv oP &U 
a = —a- +5, (4.1) 
cy Cx cy” 
Se : oU oP re 
or, in integrated form, T= —UW+Y— = —YtTh. (4.2) 
C Cx 


So the distribution of shear stress depends only on the local parameters, T) and 
eP/éx, and it may be inferred that the motion within a thin layer for which (4.2) 
is valid depends only on these parameters and on the fluid viscosity. The detailed 
justification of this assumption depends on the possibility of also neglecting con- 
vective terms in the equation for the turbulent kinetic energy, which implies that 
the turbulent motion is in a state of energy equilibrium. Within the fully turbulent 
part of such a layer, it is well known that 
} } 


; log | 708) +A | (4.3) 


if 7), > (CP /éx) y; but Stratford (1959a) has shown that, if 7) < (¢P/ex) y, 


U = 





as 
he 


ou 1 al 
= =~(a—-} 9, 
Cy x. ax) ¥ 
and that, for zero wall stress 
. & Ps’ | dP\3 
UT =— = y) +O(v ; (4.5) 
K,\ ex dx, 
(Here A, is an absolute constant, expected to be similar in magnitude to the 
Karman constant K.) The condition that convective terms in the equation of 
mean motion are negligible is that 
fy/ ou _auU oP 
(1 —+V~ ) dy < ~—Y, (4.6) 
0 Cx cy Cx 
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or, after substituting the equilibrium distribution. 
d oP 
! log — 3K. 4.7 
er, 5 Cx < pe 0 ( ) 


For the power-law variation of free-stream velocity, Ux x7. this is 
y 3 i 
° (4.8) 


tO Da 


5. Initial stage of development 

In the initial stage of development in a strong adverse pressure gradient, the 
outer layer behaves nearly as an inviscid fluid and the inner layer is an equilibrium 
layer whose motion is determined by the local pressure gradient and the wall 
stress. The mean velocity distribution at the beginning of the adverse pressure 
gradient may be written in the form 


U = U(x) [1—-yf(9)]. (5.1) 
where = y T(29) (AU\(%)). 9 = y/6, 6 = {v/KU,(2,) exp (y—!— A). 
Within the equilibrium (constant-stress) layer, 
f(7) = —logy. (5.2) 


In the outer layer, total head remains constant along streamlines, and 





P(xo) + 4U8[1 — yf) P = P(x) + 4U7(2,y) (5.3) 
if (x . 70) and (x. y) are on the same streamline. Within the inner layer. 
. wal 7 y , 
] : - | = 0; if A ; 4 
K log | pv ie 
- ; 8 AIP 33 
if Ty > (dP dx) y, and* K. de y) (5.5) 


if t, < (dP/dx)y. Consider now the streamline which at x divides the inner. 
equilibrium layer from the outer layer. Since the inner layer is an equilibrium 
layer, its distance from the wall must be small compared with the layer thickness 
at x and therefore also at 2). This dividing streamline lies in the constant-stress 
layer at 2), and so we may use equation (5.2) for the velocity distribution function 
f(y). 

The condition that (29. 794) and (x, y,) lie on the dividing streamline is 


r , 1 ~ . 
(7) 9(1-—y+ylogy,) = RI ol l1—y+ylog Ra (5.6) 
€ 
4 ai 3 (5 7) 
or = = Yi. O.4 
3K,\dx “1 


* The additive term c(vdP/dz)! in equation (4.5) is of order U,(U,x/v)~4 and is negligible 
at. Reynolds numbers over 108. 
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The first joining condition is continuity of mean velocity, i.e. that the mean 
velocity given by (5.4) or by (5.5) satisfies equation (5.3): 


Py + 4U2(1+ y log 5)? = P+ ReU3)1 +ylog Ris) (5.8) 
,, 2dP m 
or = P+ Ke dx Yy- (5.9) 


The second joining condition is continuity of shear stress, and is, to a good 


approximation, that 


, ; ; ; P 
K22U2 = R2K22U — Yr: (5.10) 
= 


The two sets of equations (5.6), (5.8), (5.10) and (5.7), (5.9), (5.10) describe 
respectively the initial development and the condition for attainment of zero wall 
stress. The second set may be solved explicitly, and this produces* 


(c, + 2f?y?)! -1 [ (ep + 2p2y2)3 dc 
exp : : x --. —]ia,—* 
Y | y ° dx 


8K? (2 I : 
= oa? = SBK3Ryyexp(A—y-), (5.11) 
3K,’ 6 
where R, = (Up x,/v). If the origin of x is so chosen that the boundary layer at 2, 
has the same local friction coefficient as a constant-pressure layer that has 
developed for a distance x, (Townsend 1956a), we have 
Ry = (h-(24 + £) y+ 2(44+ £) y?] Ky exp (y-! — A), (5.12) 


and then 


“/ 
y 


“J 
/ 


exp |e + 2p y2)b —1 i [‘“» + 2f2y2)! 2 1 de, 





= §fy[1, —(24,+ 1) y+ 2(,+ 4) y?] = B. (5.13) 


This may be compared with Stratford’s result, based on use of a power law for the 
initial velocity profile and use of continuity of velocity gradient as the second 
joining conditiont 
ek , 
(2c,)Hn-® (x 2) = 1-068-1(10-8R,)*6, (5.14) 


where n = logy, Rp. 
Stratford points out that a relation of this sort defines a pressure distribution 
in which a layer develops with continuously zero wall stress but without separa- 


* Equations (5.2) and (5.10) are good approximations only if log 7) < —3, and the 
analysis is only valid if 
cy = (1+y log 99)? — 2f*y? < (1—3y)?—2f?y?. 
For a Reynolds number of 10%, y = 0-1 and the pressure recovery coefficient may not 
exceed 0:47. 
+ Stratford also makes an allowance for the effect of Reynolds stresses on the outer flow 
by assuming them to be unaffected by the pressure gradient. This refinement has been 


omitted in the derivation of (5.13). 
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tion, and he has succeeded in producing such a zero-stress layer by slight modifica- 
tion of the pressure distribution defined by equation (5.14) (Stratford 19595), 
The theory of this paper gives the relation between pressure and distance as 





C. + 2h2y2)k — ] C. + 2R2y2)h 72 2-2 
exp if allt x {|r +227") ~1-5| +0-75) = 1 By? e, (5.15) 
y } | y F Be 


and in figure 2 this pressure distribution is compared with Stratford’s theoretical 
distribution which is an adequate representation of the experimental distribution 
over the expected range of validity of the theory. It is clear that both theories 
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FiGuRE 2. Comparison of predicted pressure distributions for development with con- 
tinuously zero wall stress. Full line, Stratford (K, = 0-27); @, logarithmic theory 
(K, = 0-55); O, logarithmic theory (Ky = 0-50). R, = 10°, y = 0-10. 
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FiGURE 3. Comparison of the theoretical criterion for zero wall stress with measurements 
by Schubauer & Klebanoff (1951). (@, Experimental; full line. theory. Ry, = 14:3 x 106, 
y = 0-075, K, = 0-50.) 
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are capable of describing the measurements for c,, < 0-40 if a free choice of the 
value of the constant K, is allowed. Stratford used K, = 0-27 compared with the 
values of 0-50 and 0-55 used in figure 2. 

Equation (5.13) may be used to predict pressure-recovery coefficients at 
boundary-layer separation, i.e. zero wall stress, supposing the pressure distribu- 
tion to be known and the adverse gradient to be so large that the approximations 
of the theory are valid. Of the available published material, only the layer 
studied by Schubauer & Klebanoff (1951) has an acceptably rapid rise of pressure, 
and this is compared with the rapid expansion theory in figure 3 by plotting c,, 
against x,(dc,,/dx), as given by equation (5.13) and as observed. Zero stress is 
predicted at c,, = 0-42, compared with observed separation at c,, = 0-50, but the 
nature of the experimental pressure distribution is such that a comparatively 
small amount of interaction between the inner and outer layers would lead to a 
considerable delay in attaining zero wall stress. In its present form it is unlikely 
that equation (5.13) would provide accurate predictions of separation in practical 
problems, but the author believes that the theoretical basis is sound and that it 
should give accurate estimates of effects due to change of Reynolds number or 
initial boundary-layer characteristics. 


6. The self-preserving flow with zero wall stress 

It has been pointed out that, after a sufficient period of development, the 
structure of the whole layer will be modified by the pressure gradient, and then 
a simple description is possible only if the flow is self-preserving. Clauser (1956) 
has given details of self-preserving flows in adverse pressure gradients with finite 
wall stress, but Stratford has suggested that the flow with continuously zero 
wall stress, defined by equations (5.13) or (5.14), becomes self-preserving with a 
distribution of mean velocity 


iw. — tKGU 2 
eae . 6.1 
2K, (ae u) ~~ s dP /dx wa) 
and a distribution of free-stream velocity 
U, xc (w — a), (6.2) 


His experimental results suggest that this is a very rough description of the real 
behaviour, and a better one is easily obtained by using the theory of self-pre- 
serving boundary layers (Townsend 1956b). A turbulent flow is self-preserving if 
the distributions of mean velocity and of Reynolds stress may be expressed con- 
sistently in the forms 


U =U,—upf (y/lo), we = ugg(y/lo), (6.3) 


where f and g are universal functions independent of x, and the scales wy and J, are 
functions only of x. The consistency may be tested by substitution in the averaged 
equations of motion, which leads to 


(ul), MAU, lo) of — 2. “se = d. =0, (6.4 
son) 7 no ft 00) 9") ote . (6.4) 
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neglecting the viscous terms and terms involving normal Reynolds stresses. This 
is of self-preserving form if 


. «2 lL, dU, 
u,oc U;, °=const., ;?- = const., 
dx U, dx 
and the scales may be defined as 
w= U, =x (6.5) 


by choosing a suitable origin for x. It has been shown (Townsend 1956a) that 
exactly self-preserving flow with finite wall stress is possible only if U, oc (2, —x)-}, 
but another type of self-preserving flow is possible if the wall stress is zero. The 
reason for this is that the velocity distribution in the equilibrium layer may be 


2/ xdU,\t/y\t / vau,\§ sa 
U,~ K,| “U; de) (;) +¢(- Vide) mn 


written as V7 


which isaself-preserving form if U, o (x — x,)*andif the additive term is negligibly 
small. The exponent a is necessarily negative and depends on the shape of the 
velocity profile. A simple application of the equation for the momentum integral 
shows that 

[,-J, 


a ) _/~ 
~ a = ; (6.7 
ry ery ) 


. 


where “f(y)an, f= | [fim]? dy. 


2 V . 


Experience with other self-preserving boundary layers has shown that an 
adequate approximation to the function f(7) is obtained by assuming a sharp 
distinction between an inner equilibrium layer and an outer layer within which 


the effective eddy viscosity, vy, = —uv/(cU/cy), is independent of distance from 
the wall. Clauser (1956) has shown that the value of the eddy viscosity is such 
that 1 fe 
(U,— U) dy = R,, (6.8) 
TJ0 


where R, is nearly independent of pressure gradient (see also, Townsend 19565). 
Assuming this, the mean velocity in the outer layer (7 > 7,) is determined by the 
non-dimensional equation for f(7) 


pe 9 wd i? ‘id ‘a ” 
—2af+(a+1) nf’ +af?—-(a+1)f | f(s)ds + R f' =@, (6.9) 
J0 3 
9 
and, in the inner layer, by f(y) = 1— K (—ayn)}. (6.10) 
Yo 


Equation (6.9) is a form of the Falkner—Skan equation, and solutions are required 
with the boundary conditions 


f(0)=A, f'(0)=0, f’(0)= FaA(2— A), (6.11) 


a 


where J, and a depend on the form of f(7). An approximate solution of (6.9) is 


a 


f(n) = Ae 32", (6.12) 
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which satisfies the boundary conditions if 


ary 
lie en ee 6.1% 
aR, 4 (6.13) 


To make the problem determinate, the joining of the velocity distributions in 
the inner and outer layers must be specified by two independent conditions. 


Continuity of velocity requires that 

1 2 

422 ~ 1 > 

A e-22?ni = 1 -—— (—a7,)}, (6.14) 
Be 

but, since the stress must satisfy equation (6.4), continuity of stress is assured for 
any value of 7,. In self-preserving layers developing in no pressure gradient, the 
junction is very nearly smooth, and so there is some justification in requiring 
continuity of velocity gradient, i.e. that 


9 L,2 2 l —a 3 > ~ 
a2An, e-2* yi = RK | ‘ (6.15) 
o\"h 


If the values of J, and J, are approximated by assuming that the outer velocity 


a 


distribution (6.12) extends all the way to » = 0, then 


) 


I, = re ae = (6.16) 


2 a 
and equations (6.7), (6.13), (6.14), (6.15) can be solved to give values of A, a, x7, 
= 2 aes aes aap J 
ak? as functions of A, R:. These quantities are tabulated in table 1. 


K,R A —a aN, aki 
3:02 0-696 0-252 0-6 3°46 
3°70 0-756 0-241 0-5 4-32 
4:19 0-787 0-235 0-45 5-08 
4-32 0-795 0-234 0-44 5-26 
4:87 0-821 0-228 0-4 6-19 
7-16 0-886 0-214 0-3 11-02 
TABLE | 


These predictions are compared with the experimental results of Stratford in 
figure 4, assuming a virtual origin for the self-preserving flow at x/x, = 0-94. Itis 
evident that the velocity distributions for c,, = 0-489, 0-624, 0-682 are nearly of 
the same shape and that the layer thickness is increasing nearly linearly with 
distance from the effective origin. The actual velocity distributions are repre- 
sented fairly well by the composite distribution for 


: A=0:795, —a=0-234, K,=0-50, R, = 74-2, 


except near the edges of the flow. The assumption of constant eddy viscosity 
always leads to the prediction of a velocity distribution that approaches the free- 
stream velocity less rapidly than the real one, and the discrepancy near the edge 
of the flow is not unexpected. The value of the exponent a is less than the value 
suggested by Stratford (— 0-25), but it is in good agreement with the observed 
distribution of free-stream velocity (figure 5). 
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Two universal constants of uncertain magnitude appear in these results. The 
first is the flow constant R, which describes the moving equilibrium attained in 
the outer flow. The application of the theory to the experimental results gives 
R, = 74+ 4, which is larger than the mean of the experimental values of Clauser. 
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FiGuRE 4. Mean velocity distributions for self-preserving flow with zero wall stress. (Full 

line, composite distribution for K, = 0-50, R, = 74; experimental points from Stratford 
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Ficure 5. Comparison of observed variation of free-stream velocity with power-law 
variation inferred from the mean velocity distribution. 
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The It is, however, close to the value deduced by a similar analysis of the constant- 
d in pressure boundary layer. The second constant is definitely rather larger than the 
ives Karman constant, which is to be expected from a consideration of the effect of 
Ser. lateral transfer of turbulent energy on the level of turbulent intensity. The same 


value of K, will describe both the initial development and the self-preserving 
stage of the zero-stress layer. The conclusion is that Ky = 0-50 + 0-05. 
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REVIEWS 


Advanced Mechanics of Fluids. Edited by Hunter Rouse. New York: 
John Wiley, 1959. 444 pp. $9.75 or £3. 18s. 
Prof. Hunter Rouse’s Elementary Mechanics of Fluids, which was published in 
1946, has become firmly established as one of the best text-books on fluid 
mechanics suitable for engineering students at the undergraduate level. With 
the special merits of this earlier volume in mind, one is quite likely to be dis- 
appointed with the present book, which stands as its sequel by providing, for the 
graduate student with some basic knowledge of the subject, a fairly compre- 
hensive introductory survey of the theory of incompressible flow. It would 
have been gratifying to have found that the ‘advanced’ mathematical aspects 
covered in this book were presented in the discerning and concise manner familiar 
from Prof. Rouse’s elementary text: but these aspects seem largely to have 
eluded, perhaps inevitably, the model treatment he could give when dealing with 
the basic physical principles of fluid motion and their engineering applications. 
To dwell on this comparison would be unfair, however, in view of the much 
wider scope of the present book. Another difference is that the book is a joint 
enterprise shared by eight present or past colleagues of Prof. Rouse at the Iowa 
Institute of Hydraulic Research: these are Drs D. W. Appel, P. G. Hubbard, 
L. Landweber, E. M. Laursen, J.S8. McNown, T. T. Siao, A. Toch and C.S. Yih. 
each of whom contributed a chapter on a topic in which he had specialized. 
though evidently all collaborated on the preparation of the final draft. Prof. 
Louse directed the project and contributed an introductory chapter including 
an account of dimensional analysis. 

The result of this intricate undertaking is a volume which, despite its short- 
comings, is written in a remarkably consistent and attractive style—really an 
editorial triumph. This is especially creditable considering its wide coverage, 
which isseen at once from the titles of its eight chapters: Introduction to research 
in fluid motion (26 pp.), Fundamental concepts and equations (35 pp.), Principles 
of irrotational flow (69 pp.), Conformal representation of two-dimensional flow 
(53 pp.), Laminar motion (59 pp.), Turbulence (40 pp.), Boundary layers 
(51 pp.), Free-turbulence shear flow (44 pp.). Compressible flow, water waves 
and heat transfer are not covered, though the last two subjects are touched 
upon briefly. : 

To blame a book for falling short of its publisher’s extravagant claims is always 
rather unjust ; but the subtitle, ‘A thorough treatment of the latest developments 
and research techniques in the field’, which appears on the wrapper is so mis- 
leading as to be definitely harmful. Although the later chapters naturally make 
a good number of references to recent work, the book is essentially a primer in 
the miscellaneous mathematical procedures which have been applied to fluid 
mechanics, most of them long ago; and though it goes a long way towards filling 
in the necessary background, it will scarcely by itself equip a student for original 


research. For instance, 122 pages are devoted to perfect-fluid theory, though 
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covering only the basic material which can be found in a great many of the older 
text-books; the approach here is indeed more rudimentary than in some of these 
other books, since much of the space is given to preparatory accounts of ele- 
mentary potential theory, general methods for solving Laplace’s equation, 
Cauchy’s theorem, and other incidental mathematical topics. Thus, the main 
purpose served by the book is to instruct the student in the relevant analytical 
methods, the development of his powers of physical reasoning being only a 
secondary objective. 

It is very doubtful, however, that this is a satisfactory line of approach to the 
training of graduate students for research; and on this score the book will be 
found inadequate by some readers. Physical understanding is a more important 
requisite for creative work in modern fluid mechanics than sheer analytical 
ability; and in any case the latter is probably best gained in the first place by 
study of mathematical texts, rather than of ad hoc developments of theory in the 
context of particular hydrodynamical problems. A really helpful introduction to 
theoretical fluid mechanics would emphasize the essential physical explanations 
of flow phenomena to a far greater extent than in the present book and would 
present a more concise and utilitarian account of the analytical methods, relying 
on the many existing sources for much of the mathematical detail. 

There are of course parts of the book which deal squarely with the realities of 
the subject, particularly in the chapters on turbulent flow where appeal to the 
observed facts becomes a continual necessity. But other parts seem unduly 
formal and sometimes remote from real problems, and it is the over-all emphasis 
that is under criticism. In the chapter on conformal representation, for example, 
a good outline of Kutta-Joukowsky wing theory depends on the statement of 
the basic hypothesis that ‘the circulation on a two-dimensional foil adjusts itself 
so that the velocity at the trailing edge is finite’. An intelligent student will 
naturally inquire why this should be so: and even a brief explanation of the 
physical mechanism whereby the circulation develops to this extent would be of 
greater potential value to him than a large measure of complex-variable theory. 
But none is given anywhere in the book. In the chapter on laminar flow, a brief 
account of hydrodynamic stability concentrates on presenting a few items from 
perturbation theory, e.g. derivations of the Orr-Sommerfeld equation and Synge’s 
sufficient stability conditions, and Squire’s theorem—generalized by Yih— 
concerning the relative effects of two- and three-dimensional disturbances. This 
is all well done as far as it goes. But in the small space allowed it might have 
been more generally useful to concentrate on some of the interesting considera- 
tions that relate to the physical mechanism of instability, perhaps discussing the 
evidence that an inflexion in the primary velocity profile has a strong destabiliz- 
ing effect, and perhaps repeating Prandtl’s illuminating explanation of the role 
of viscosity in causing instability of boundary-layer flows. 

Aside from this general criticism, it must be recognized that a very wide 
variety of material has been presented accurately and lucidly. There are very 
few omissions of any importance within the range suggested by the chapter 
headings and the introductory character of the book, although the absence of a 
mention of the Karman vortex street seems one unfortunate case. That no 
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chapter stands out for special praise is testimony to the uniformly high standard 
of presentation; but chapter 2, on fundamental concepts, may be mentioned as 
being an attractive alternative to the various well-known presentations of the 
basic kinematical and dynamical equations. To note a further point in favour, 
which to some extent excuses the main criticism made above, the preface 
remarks that the volume as a whole has been planned for use in formal classes; 
obviously in these circumstances the deficiency of physical interpretations of the 
theory may not be so important, since the instructor may develop this side of the 
subject. 

On the whole the text is attractively laid out, the diagrams are well done, and 
the mathematical printing is of high standard. A minor irritation is that the 
equations are unpunctuated. A valuable feature is the large number of problems 
set for the student. Many of these are remarkably searching and realistic, and 
they go a long way towards correcting the balance of the book. It is likely that 
very few of the problems could be solved by an average student without further 
help, although they all provide excellent examples for class instruction. 

This can be recommended as a useful text-book to supplement a lecture course 
on incompressible flow, during which the lecturer could concentrate on present- 
ing a well-balanced over-all account of the subject, referring to the book for 
many of the mathematical details and in particular clarifying the physical 
aspects. Thus, the book seems most appropriate to the American method of 
graduate training, which relies largely on formal lecture courses. Prof. Rouse in 
fact writes in his preface that the material has been taught as a two-semester 
course at the Iowa Institute. For the more casual British method, however. 
where the student has to depend more on private reading, the book is far less 
suitable ; nevertheless, it might still be recommended if read in conjunction with 
books, such as Prandtl’s The Essentials of Fluid Dynamics, which show clearly 
the status of the theory in relation to physical problems. Taking into account the 
specific purpose for which this book was written, it cannot be denied that Prof. 
Rouse and his co-authors have achieved it fairly successfully; and in any case 
they deserve to be congratulated on a most attractively written account. 


T. Brooke BENJAMIN 


Aerodynamik des Flugzeuges. Band I. by H. Scuuicutine and E. 
TRUCKENBRODT. Berlin: Springer-Verlag, 1959. 455 pp. DM. 52.50. 
This first of two volumes on Aerodynamics of the Airplane contains the complete 
part A dealing with ‘Fundamentals of fluid mechanics’, and two chapters of 
part B on ‘Aerodynamics of wings’. Part B will be completed in the second 
volume, which is to be published soon, and the review of part B can be postponed 

until then. 
In part A, which is based on lectures by Dr Schlichting, the authors attempt 
the task of writing on almost the whole field of fluid mechanics, which is rather 


unusual in these days of the monograph. Their aim, however, is restricted and 
clearly stated in the foreword: they intend to given an introduction to fluid 
mechanics for the student of aeronautical engineering which is up-to-date. 
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There is certainly a need for such a book; the main problem, in view of the bur- 
geoning knowledge accumulated in each field, is to know where to stop with the 
introduction. The authors are eminently successful in solving this problem; 
they have a sound and sober judgement of what has to be known by the student 
of the general field and what can be left out and relegated to special studies 
(which are encouraged and helped by a good bibliography). 

The material is presented in four chapters: ‘Introduction to the physical 
properties of the atmosphere,’ ‘Incompressible inviscid flow’, ‘Compressible 
inviscid flow’ and ‘Viscous flow’. Throughout, the authors favour simplicity 
and directness of the presentation over lengthy analysis. This does not mean a 
sacrifice in rigour, as every incompleteness of proof is clearly stated. The authors 
intend primarily to show what important results can be obtained by simple 
means (like momentum methods) and experience has shown that the gain in 
simplicity and clarity benefits not only the engineering student, but also those 
who later turn to the theoretical study of fluid mechanics. A large number of 
excellent illustrations enhance the value of the book, particularly for the 
beginner. 

The modernized superstructure of the book is actually built on well-proven 
traditional foundations. In the chapter on incompressible inviscid flow, the 
presentation is made to fit the usual engineering curriculum by using first the 
real potential in plane flow; the paragraphs on complex potential are written 
without presupposing any knowledge of the theory of functions. The paragraph 
on the momentum theorem is a good example of the strong side of the book, as 
it contains material on over-all momentum balances which is often omitted by 
authors with purely theoretical interests. 

The chapter on compressible flow does not appear to be as polished and well- 
balanced as the rest of the book. In particular, this reviewer found the presenta- 
tion of the Prandtl—Glauert rule to be old-fashioned, even obsolete. A pure 
theoretician will consider all formulations of the Prandtl-Glauert rule as dif- 
ferent only in trivial respects. Some modern text-books adopt this point of 
view, and the whole subject is dismissed by a one-line formula, which is all that 
is needed in principle. But an amazing number of papers (by distinguished 
authors!) containing erroneous results are to be found in the older literature on 
this subject; this should serve as a warning against considering the problem as 
completely trivial, particularly in books written for engineers. 

Schlichting and Truckenbrodt choose to follow the historical presentation 
and give a derivation of the Prandtl—Glauert rule, in two ‘different’ formula- 
tions, for plane flow; the general three-dimensional (Géthert) rule is promised 
for the second volume. The derivation also contains the traditional mistake, an 
error of omission only, but nevertheless the same error which caused the con- 
fusion of the earlier writers; it is not pointed out that the results in two dimen- 
sions hinge on the proportionality between the potential and the body thickness 
in plane flow. This reviewer thinks that the exclusive use of the general and 
foolproof procedure given by B. Géthert would have been preferable. 

The chapter on viscious flow appears to be essentially a condensed version of 
Dr Schlichting’s own well-known book on boundary-layer theory, and is far 
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superior to the usual treatment of this subject in books on airplane aero- 
dynamics. 

Although the authors have clearly stated a restricted aim, it will be inevitable 
that their work will be criticized from the viewpoint of the present and future 
trends in the education of engineers in fluid mechanics. Many students to-day 
would like to be well prepared for work on missile aerodynamics in addition 
to aeronautical engineering, and for this purpose the introduction offered by 
Schlichting and Truckenbrodt is not adequate. In particular, an elementary 
presentation of the kinetic theory of gases in parallel with the foundations of 
continuum mechanics would be useful. A special chapter on hypersonics is a 
second requirement, although perhaps it is not important to find this section 
under the same cover with the rest. But the possibility of a schism between 
aeronautical and missile engineering is indicated by these omissions, which is 
regrettable. In the past the unified teaching of fluid mechanics for all engineer- 
ing applications has not been achieved in most universities, and the outlook is 
that future developments will probably increase the division. This means that 
there may be students specializing from the beginning in traditional aero- 
nautical engineering. For them, the use of Schlichting and Truckenbrodt’s 


‘Fundamentals’ is an excellent choice. r 
Fi umenta s <. toe 


Journal of Nuclear Energy. Part C: Plasma Physics—Accelerators— 
Thermonuclear Research. London: Pergamon Press Ltd. £7 or $20 
per volume. 

This journal has been set up to help cope with the prevailing spate of work 

on plasma physics, with Dr J. V. Dunworth as Editor-in-chief, a number of 

executive editors in U.K. and U.S.A., five general editors, and an imposing 
list of names on an editorial advisory board. The first part appeared in October 

1959 and subsequent parts are to appear quarterly. Half of the eight papers in 

the first part are from the Atomic Energy Research Establishment at Harwell, 

although the editorial list suggests that later papers will be more diverse in 
origin. The emphasis appears to be on the field of applied nuclear energy, and 
there is unlikely to be any overlap with journals concerned with fluid mech- 
anics, space flight or astrophysics. The inclusion of ‘accelerators’ within the 
journal’s scope seems to be sensible. As well as original papers, the journal is 
apparently to contain two useful regular features, viz. translations of selected 
papers from the Russian journal Atomnaya Energiya, and a list of authors, 
titles and sources of recent papers published elsewhere on plasma physics, 
accelerators and thermonuclear research. The printing of the first part is of 
reasonable quality, but there is need for more care in the general editorial 
work; for instance, the address of the Editor-in-chief should be made known 


to intending authors. 

So far as can be inferred from the information on the back cover, two 
volumes will be published each year. Evidently two parts like the one avail- 
able for review (labelled ‘Numbers 1/2’ and containing 104 pages) will comprise 
a volume. £7 or $20 for a volume of about 208 pages is quite a price. 
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